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Abstract 
3D numerical model for dynamic response analysis of multi-storey frame structures 
including soil-structure interaction has been developed using the Spectral Element 
Method (SEM). The structure was modeled using the SEM, while the dynamic stiffness 
matrix of the soil – foundation interface was determined using the Integral Transform 
Method (ITM). The structure consists of one – dimensional elements: beams and 
columns, and two – dimensional elements: plates. The soil consists of horizontal layers 
over the bedrock or half space.  The Projection method was used to develop the 
dynamic stiffness matrices for the transverse and in-plane vibration of plates with 
arbitrary boundary conditions. The method for coupling one-dimensional and two-
dimensional spectral elements was developed, as well as the coupling of the spectral 
elements with the soil spring – dashpot elements. Using the proposed numerical model 
3D frame structures founded on soil of variable stiffness and subjected to ground 
vibrations induced by traffic were analyzed. 
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ДИНАМИЧКА АНАЛИЗА СИСТЕМА ТЛО-КОНСТРУКЦИЈА 
ПРИМЕНОМ СПЕКТРАЛНИХ ЕЛЕМЕНАТА 
 
 
 
Резиме 
У овом раду приказан је 3Д нумерички модел за динамичку анализу 
вишеспратних рамовских конструкција узимајући у обзир садејство између тла и 
конструкције. За моделирање конструкције коришћен je Метод спектралних 
елемената, док је динамичка матрица крутости тла одређена применом Методе 
интегралних трансформација. Конструкција се састоји од једнодимензионалних 
елемената: греда и стубова, и дводимензионалних елемената: плоча. Тло се 
састоји од хоризонталних слојева изнад круте базе или полупростора. Матрице 
крутости плоча напрегнутих на савијање и у својој равни одређене су применом 
Методе пројекције. Развијен је поступак спрезања једнодимензионалних и 
дводимензионалних спектралних елемената, као и спрезање тако формираног 
модела са тлом. Примена формираног 3Д модела приказана је на анализи 3Д 
рамовских конструкција фундираних на тлу различите крутости, изложених 
дејству вибрација изазваних саобраћајним оптерећењем. 
Кључне речи: динамика конструкција, метод спектралних елемената, метод 
интегралних трансформација, интеракција конструкција-тло, метода 
подструктура, фреквентни домен, динамичка крутост 
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1. Introduction 
Conventional static and dynamic structural analyses are based on the assumption that 
the structure is fixed to the soil, and that there is no interaction between the soil and the 
structure. In general, the structure interacts with the surrounding soil, so it is necessary 
to account for soil-structure interaction (SSI), especially in dynamic load cases. 
Moreover, some dynamic loads like earthquakes, blast and traffic induced vibrations are 
applied to the soil region around the structure. Therefore, both the structure and the soil 
region have to be properly modeled. For structural modeling conventional Finite 
Element Method (FEM) is used. The structure is meshed in order to represent the 
geometry, boundary conditions, mass and applied loads. In order to model the soil 
region finite elements can also be used, but since the soil is an unbouned medium, an 
appropriate boundary has to be introduced. For static loading a fictitious boundary at a 
sufficient distance from the structure is used, so the obtained finite domain of the soil 
can be modeled similarly as the structure. For dynamic loading, the fictitious boundary 
reflects waves originating from the vibrating structure back into the discretized soil 
region, instead letting them propagate toward infinity.To overcome this, transsmitting 
boundaries have been developed (Lysmer and Waas 1972), (Roesset and Ettouney 
1977), (M. Petronijevic 1992). 
Contemporary SSI analyses are based on the substructure approach, where the structure 
and soil have been analyzed separately and the dynamic analysis has been carried out in 
several steps.  The FEM is usually used for structural modeling, while the soil region 
can be modeled using the FEM (M. Petronijevic 1992), BEM (Boundary Element 
Method) (Wolf 1993), TLM (Thin Layer Method) (Waas 1972), (Kausel, Roesset and 
Waas 1975) or ITM (Integral Transform Method), (Rastandi 2003), (Grundmann and 
Trommer 2001). In the TLM, the soil is vertically discretized using horizontal thin 
layers over the bedrock or half-space. Basic equations have been developed in the 
frequency domain, with exact expressions in the horizontal direction, while the accuracy 
in the vertical direction corresponds to the FEM, since linear variation of the 
displacements in the vertical direction is assumed. Based on the TLM, computer code 
SASSI 2000 in the frequency domain has been developed, (Laysmer at al. (1999)). It is 
based on the sub-structure approach. The structure is modeled using the FEM, while the 
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dynamic stiffness matrix of the soil has been obtained using the TLM. The BEM has 
been used by many researches in order to solve soil – structure interaction problems. It 
is a numerical technique based on boundary integral equation formulation of continuum 
mechanics problems. The key feature of the BEM is that the equations and unknowns of 
the problem are established only on the boundary, so only the boundary has to be 
discretized, which makes the BEM a very powerful numerical method for solving soil – 
structure interaction problems. The BEM formulation is based on the fundamental 
solution of the differential equation of motion for homogeneous, isotropic and linear – 
elastic media. In the ITM using a threefold Fourier transformation of horizontal space 
variables – x, y and time – t into the wave-number – frequency domain, basic partial 
equations of motion of the soil region have been transformed in a set of ordinary 
differential equations which can be solved analytically. This allows developing the 
dynamic stiffness matrix of a soil layer in the exact form. Consequently, the vertical 
discretization of the soil is influenced only by soil’s material properties. 
In the FEM the displacement field of each finite element is given as a polynomial 
function. The accuracy of the results depends on the size of finite elements used in the 
mesh, but the increase the number of finite elements takes greater computer time and 
effort to solve the problem. Generally, in dynamic analysis more finite elements are 
required than in the static analysis. The size of finite elements is also influenced by the 
highest frequency in the analysis. The higher the frequency is, the larger the number of 
finite elements is required in the analysis. According to Lysmer (1978) the size of the 
finite element needs to be 5 to 10 times as small as the wavelength of the highest 
frequency wave of interest. Alford at al. (1974) suggested the maximum size of finite 
element to be even 10 to 20 times smaller than the wavelength of the highest frequency.  
As an alternative to the FEM in dynamic analysis, the Spectral Element Method (SEM) 
can be used to analyze a wide range of vibration problems (Doyle 1997), (Banerjee 
1997), (Lee 2000), Lee at al.(2000). For one-dimensional elements, like beams and bars 
the displacement field of the spectral element is the exact solution of the partial 
differential equation of motion. Therefore, only one element can exactly represent the 
dynamic behavior of a structural member at any frequency. The shape functions and 
dynamic stiffness matrix of the spectral element are frequency dependent. 
Consequently, dynamic response analysis has to be carried out in the frequency domain. 
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For two-dimensional elements like plates it is not possible to obtain the exact solutions 
of the governing equations of motion that satisfy all boundary conditions, which are 
continuous functions of spatial variables.  In order to find a solution of a problem, plate 
displacements are presented as infinite Fourier type series. For practical purposes, the 
series have to be truncated, which introduces an error. Consequently, the solutions are 
approximate and satisfy the prescribed degree of accuracy. Nevertheless, this is not a 
serious drawback, since the truncation point can be easily controlled by the user without 
re-meshing of the structure.  
Application of spectral elements significantly reduces the number of the unknowns, 
increases the accuracy of the numerical results and decreases the computational time 
(Lee at al.(2000)). The precision of the SEM is one of its strongest points. As a 
consequence, arbitrarily and even infinitely large elements can be used without loss of 
accuracy, (Kulla 1997). In addition, the dynamic stiffness of the soil-foundation system, 
which is frequency dependent, can be easily and more efficiently incorporated in the 
spectral element model, Petronijevic at al. (2008), Nefovska-Danilovic at al. (2011), 
Radišić at al. (2012). The combination of continuous mass distribution, simple 
assemblage procedure (as in FEM) and the efficient Fast Fourier Transform (FFT) 
algorithms makes the SEM a powerful tool for solving wave propagation problems in 
structures.  
1.1 Outline of the thesis 
This thesis presents the application of the SEM in the dynamic response analysis of soil-
structure system. The structure consists of one-dimensional elements: beams and 
columns and two-dimensional elements: plates. The substructure method has been 
applied, where the structure was modeled using the SEM, while the dynamic stiffness 
matrix of the soil-foundation interface was obtained using the ITM. 
After the Introduction section, Section 2 introduces the Spectral Element Method. At the 
beginning the brief literature review of the application of one-dimensional and two-
dimensional spectral elements is given. Afterwards, dynamic stiffness matrices for one-
dimensional elements have been presented. The Projection method proposed by 
Kevorkian and Pascal (2001) and Casimir at al. (2005) as well as Gorman’s 
superposition method (Gorman 1978), has been used in order to develop the dynamic 
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stiffness matrix for plate spectral element with arbitrary boundary conditions for both 
transverse and in-plane vibration. The developed dynamic stiffness matrices have been 
verified through several numerical examples. 
Coupling of one-dimensional and two-dimensional spectral elements is presented in 
Section 3. The dynamic stiffness matrix of plate spectral element coupled with 
symmetrically distributed edge beams has been presented. Afterwards, the column - 
plate coupling has been developed. Verification of the proposed couplings has been 
carried out through several numerical examples using the FEM software SAP2000 
(1996). 
 Section 4 starts with basic equations for the soil region. Using the spectral 
representation of the displacement field and Helmholtz’s decomposition, equations of 
motion in the transformed wave number – frequency domain have been presented as 
well as the dynamic stiffness matrix of horizontally layered soil. Equations of motion 
for the soil – structure system have been developed in the frequency domain using the 
substructure approach. The dynamic stiffness matrix of surface rigid foundation is 
calculated from the corresponding stiffness matrix for flexible foundation, using 
kinematic transformation. At the end, the coupling between the structure modeled using 
the SEM, and the soil has been presented. 
In Section 5 the developed numerical model has been applied in order to analyze the 
dynamic response of several 3D frame structures subjected to traffic-induced ground 
vibration including SSI.  
The conclusions of the presented work and the ideas for the future research are given in 
Section 6. 
2. Spectral Element Method 
2.1 Literature review 
As mentioned in the previous section, the SEM is based on the spectral representation of 
the displacement field and on the exact solution of the governing differential equations 
of motion defined in the frequency domain.  First research in this area has been directed 
toward the development of the dynamic stiffness matrix and its application to the 
frequency response and free vibration analysis of one-dimensional elements. Kolousek 
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was the first one who developed the dynamic stiffness matrix of an Euler-Bernoulli 
beam in 1941, according to Banerjee and Williams (1992). In the past four decades 
numerous investigations have been carried out in order to develop the dynamic stiffness 
matrices for wide range of one-dimensional elements: Timoshenko beams (Wang at al. 
(1971), Banerjee and Williams(1992), Rafezy and Howson(2006)), beams on elastic 
foundation (Williams and Kennedy(1987)) and sandwich beams ( Howson and Zare 
(2005)). 
Doyle applied the SEM to wave propagation in structures. In his book (Doyle 1997) he 
investigated different types of elements: beams, bars, plates and cylindrical shells and 
applied the FFT and inverse FFT algorithm to transform the dynamic response from the 
frequency to time domain and vice versa. In addition, he developed the spectral super 
element which connects the SEM with the FEM. Various types of dynamic response 
analyses using the SEM have been analyzed by Lee at al.: continuum modeling of truss-
type structures(Lee and Lee 1996), vibration analysis of one-dimensional structures 
using the spectral transfer matrix method (Lee 2000), analysis of elastic-piezoeletric 
two-layer beams (Lee and Kim 2000). The SEM can be easily coupled with the soil 
using the substructure method. The application of SEM in the SSI of 2D frame 
structures was done by Petronijevic at al. (2008) and Nefovska-Danilovic at al. (2011). 
Vibration of two-edge plate assemblies have been analyzed by many researchers using 
the SEM. Anderson at al. developed the dynamic stiffness matrix of two-edge plate 
element, which incorporated in the computer program VIPASA for exact buckling and 
vibration analysis of plate assemblies such as stiffened panels, open and box section 
members (Anderson at al. (1983)). Danial at al. (1996) developed the dynamic stiffness 
matrix for two-edge infinite plates for both transverse and in-plane vibrations of folded 
plate structures. Bercin and Langley(1996) and Bercin (1997) employed the dynamic 
stiffness method to calculate free vibration characteristics of various simply supported, 
stiffened and directly coupled rectangular plate assemblies. Boscolo and Banerjee 
(2011)–a investigated the in-plane free vibration behavior of plates using the Dynamic 
Stiffness Method - DSM. They developed the dynamic stiffness matrix of plate element 
with two opposite edges simply supported and arbitrary boundary conditions assigned to 
another two edges.  
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 Lee at al. investigated transverse vibrations of Levy-type plates subjected to distributed 
dynamic loads, ((Lee and Lee 1999), Lee at al. (2000)). Kulla (1997) was the first who 
developed high precision continuous element for transverse vibration analysis of plates 
with arbitrary boundary conditions and applied it to dynamic response analysis of plate 
assembly subjected to harmonic line load. Casimir at al. (2005) built the dynamic 
stiffness matrix of two-dimensional Kirchoff’s plate element with free edges using 
Gorman’s superposition method. Boscolo and Banerjee (2011) – b developed the 
dynamic stiffness matrix of plate using first order shear deformation theory. The 
dynamic stiffness matrix of plate undergoing in-plane vibration has been developed in 
this thesis, as well as the coupling of one-dimensional and two dimensional spectral 
elements. 
2.2 One-dimensional spectral elements 
In this section the dynamic stiffness matrix for one-dimensional elements: bars and 
beams, is presented. The dynamic stiffness matrix is formed in the frequency domain, 
using the exact solution of wave equations. It allows describing the inertia of the 
distributed mass exactly.  
2.2.1 Spectral element for bars 
A bar element with nodal displacements and corresponding forces is given in Figure 1. 
A bar element assumes only longitudinal wave motion. The equation of motion for a bar 
element can be obtained from the balance of forces, including the inertial force: 
   0N dN N Audx    , (1) 
 
Figure 1.  A bar spectral element 
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where A, ρ, u = u(x, t) are, respectively, cross-sectional area, mass density and 
displacement in x direction of bar element. Assuming the linear elastic material 
behavior and constant cross section of bar element, the stress-strain relation is given as: 
 
N uE E
A x
      , (2) 
where E is Young’s modulus. According to expressions (1) and (2) the equation of 
motion of bar element is given as: 
 2
2
2
2
t
uA
x
uEA 

 . (3) 
Introducing spectral representation of the displacement u(x, t) as: 
  ˆ( , ) , ni tn
n
u x t u x e   , (4) 
where ωn is angular frequency and  nuˆ x,  is the amplitude of the nth harmonic, the 
Fourier transform of Eq. (4) can be expressed as: 
 0ˆ
ˆ 2
2
2

 uk
x
u
n ,    n=1, 2 ,…N (5) 
where nn n
p
Ak
EA c
    is the wave number and p Ec    is the velocity of the 
longitudinal - P waves. Eq. (5) represents the system of N independent ordinary 
differential equations. In the following, the subscript n will be omitted, but it will be 
understood that Eq. (5) has to be solved for each frequency. The general solution of 
differential Eq. (5) is given as: 
 ikxikx eCeCxu 21),(ˆ   . (6) 
Constants C1 and C2 are obtained from the boundary conditions: 
 21 ˆ)(ˆ,ˆ)0(ˆ uLuuu  . (7) 
The above relation can be written in matrix form as: 
 ˆ q DC , (8) 
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where  1 2ˆ ˆ ˆT u uq  is the vector of nodal displacements,  1 2T C CC  is the constant 
vector and 
 
1 1
ikL ikLe e
    D . (9) 
 Vector of nodal forces of bar element    1 2 ˆ ˆ0ˆ ˆ ˆT u u LF F EA EAx x
          
Q can 
be expressed in the matrix form as: 
 ˆ Q FC , (10) 
where 
 
1 1
ikL ikLikEA e e
    F . (11) 
Eliminating the constant vector C  from Eq. (8) and (10) gives: 
 ˆ ˆ ˆa-1 DQ = FD q K q , (12) 
where aDK  is frequency dependent dynamic stiffness matrix of bar element: 
 
2
2 2
1 2
1 2 1
i kL ikL
a
i kL ikL i kL
e eEA ikL
L e e e
 
  
       D
K . (13) 
Generally, the dynamic stiffness matrix of bar element is complex, but in case when 
there is no damping, it becomes real. 
2.2.2.  Spectral element for beams 
The dynamic stiffness matrix of a beam element for flexural motion, can be derived in a 
similar way as for the bar element. An Euler-Bernoulli beam element with nodal 
displacements and corresponding forces is given in Figure 2. The beam element has two 
equilibrium equations, obtained neglecting the rotational inertia: 
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Figure 2. A beam spectral element 
 
2
2
0T vA
x t
M T
x
   
 
, (14) 
where v = v(x, t) is the transverse displacement of beam element. According to the 
Euler-Bernoulli theory, the axial strain in x direction is: 
 
2
2
u vy
x x
      .  (15) 
Assuming linear elastic behavior of beam element, the corresponding stress and 
resultant bending moment are given as: 
 
2
2
2
2
A
vE yE
x
vM ydA EI
x
     
   
, (16) 
where 2
A
I y dA  is the second moment of inertia. Substituting Eq. (16) into Eq. (14), the 
differential equation of motion of beam element is obtained: 
 
4 2
4 2
0v vEI A
x t
    . (17) 
Introducing spectral representation of displacement v(x, t) as 
 ˆ( , ) ( , ) i tv x t v x e   , (18) 
where ω is the angular frequency, the Fourier transform of Eq. (17) can be expressed as 
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4
4
4
ˆ ˆ 0v k v
x
   , (19) 
where Ak
EI
   is the wave number. The general solution of differential Eq. (19) is  
 1 2 3 4ˆ( , )
ikx ikx kx kxv x C e C e C e C e      . (20) 
C1, C2, C3 and C4 are constants, which can be obtained from the boundary conditions at 
the beam’s ends: 
 1 1 2 2
0
ˆ ˆˆ ˆ ˆ ˆˆ ˆ ˆ ˆ(0) , (0) , ( ) , ( )
L
dv dvv v v L v L
dx dx
                   . (21) 
The above relation can be written in the matrix form as: 
 ˆ q DC  , (22) 
where  1 1 2 2ˆ ˆ ˆˆ ˆT v v  q  is the vector of nodal displacements, 
 1 2 3 4T C C C CC  is the vector of integration constants and 
 
1 1 1 1
ikL ikL kL kL
ikL ikL kL kL
ik ik k k
e e e e
ike ike ke ke
 
 
          
D . (23) 
Vector of nodal forces of beam element can be expressed as: 
 ˆ Q FC , (24) 
where 
 
3 3 3 3
2 2 2 2
3 3 3 3
2 2 2 2
ikL ikL kL kL
ikL ikL kL kL
ik ik k k
k k k k
EI
ik e ik e k e k e
k e k e k e k e
 
 
            
F . (25) 
Eliminating the constant vector C  from Eq. (22) and (24) gives: 
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 ˆ ˆ ˆb-1 DQ = FD q K q . (26) 
b  -1DK FD  is frequency dependent dynamic stiffness matrix of beam element: 
 
11 12 13 14
22 23 24
33 34
44
b
k k k k
k k k
symm k k
k
       
DK , (27) 
where 
 
    
    
  
  
  
 
3 2 2 2
2 1 2
11 33
2 2 2
2 1 2
22 44
2 2 2
1 2
12 34
3 2 2
2 1 2 1 2
13
2 2 2
2 1 2 1 2
14 23
2 2
1 2 1 2 1 2
1 1
1 1
1 1
2 1
2 1
1 4 1 , , .ikL kL
i k i e e ie
k k
i k ie e i e
k k
ik e e
k k
k ie ie e e e
k
k e e e e e
k k
e e e e e e e e
    
  
    
  
    
  
 
  
   
      
 (28) 
2.2.3. Spectral element for torsional bar 
Figure 3 shows nodal moments and rotations for a torsional bar element. The equation 
of motion is obtained from the balance of forces including the inertial force and using 
the well-known moment-rotation relation: 
 
2 2
2 2
t
x
x x
x
t
M J
x J
x tM GJ
x
               

, (29) 
where G and J are respectively, the shear modulus and torsional inertia moment for the 
element cross-section. Introducing the spectral representation of the rotation: 
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Figure 3. Torsional bar element 
 ˆ( , ) ( , ) i tx xx t x e
    , (30) 
the Fourier transform of Eq. (30) can be expressed as: 
 
2
2
2
ˆ ˆ 0x x
d k
dx
     (31) 
where 
s
Jk
GJ c
     is the wave number and s Gc    is the velocity of the shear - S 
waves. It can be seen that equations of motion for longitudinal and torsional waves in 
bar element have the same form. Consequently, the dynamic stiffness matrix for 
torsional bar has the same form as the corresponding dynamic stiffness matrix of bar 
element: 
 1
2 2
2
2 2
ˆ ˆ
ˆˆ 1 2ˆˆ
ˆ ˆ 1 2 1
t
t
i kL ikL
tx t
i kL ikL i kL
x t
M e eGJ ikL
L e e eM
 
  

                      
D
D
Q K q
q Q K
. (32) 
2.2.4. Development of the dynamic stiffness matrix for 3D frame structures 
In order to analyze 3D frame structures using the SEM, the frequency dependent 
dynamic stiffness matrix is formed by the assemblage of the dynamic stiffness matrices 
for bar and beam elements at a specific frequency. It comprises axial loading, torsion 
and bending about each of the two principal axes. 3D frame element with nodal 
displacements and corresponding nodal forces is presented in Figure 4. The dynamic 
stiffness matrix is obtained by superimposing the dynamic stiffness matrices for axial 
loading - a, bending – b and torsion – t, developed in the previous subsections: 
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Figure 4. 3D frame element 
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                                                             
. (33)
The dynamic stiffness matrix of frame structure is obtained using the well known 
transformation and assembling techniques of the FEM, (Bathe and Wilson 1976).  
2.2.5. Dynamic response analysis  
The fundamental equation of frame structure in the frequency domain is: 
 ˆ ˆ DF K u , (34) 
where Fˆ  and uˆ  are the nodal force and displacement vectors in the frequency domain, 
respectively and KD is the structural dynamic stiffness matrix. In order to account for 
damping in the structure, a hysteretic damping model is adopted, where the Young’s 
modulus E is replaced with the complex value: 
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  1 2cE E i   , (35) 
where   is the damping ratio. 
Decomposing the dynamic stiffness matrix with respect to the unknown (n) and the 
prescribed (p) degrees of freedom, Eq. (34) can be written in the following form: 
 
ˆˆ
ˆˆ
                
nn np
pn pp
D D n n
pD D p
K K u F
uK K F
, (36) 
Eq. (36) is a system of linear algebraic equations with complex coefficients. Unknown 
displacements in the frequency domain can be calculated from the Eq. (36) as: 
  ˆˆ ˆ nn np1n D n D pu K F K u . (37) 
Using the inverse Fourier transformation, the dynamic response in the time domain can 
be obtained. Transformation from time to frequency domain and vice versa is defined 
with the Fourier transform pair of an arbitrary function x: 
 
1ˆ ˆ( ) ( ) , ( ) ( )
2
i t i tx x t e dt x t x e d
   
 
      . (38) 
Integrals in Eq. (38) are solved numerically, using Discrete Fourier Transformation 
(DFT) or Fast Fourier Transformation (FFT), (Bracewell 2000). The discrete Fourier 
transform pair is defined as: 
 
1 2
0
1 2
0
ˆ( ) ( ) 0,1,2,..., 1
ˆ( ) ( ) 0,1,2,..., 1
2
nmN i
N
m n
n
nmN i
N
n m
m
x t x t e m N
x t x e n N
  

 

    
   
, (39) 
where nt n t  , m m   , N is the number of points in the transformation, t and 
are respectively the time and frequency increments. Application of FFT algorithms 
efficiently transforms the dynamic response from one domain to another.  
Natural frequencies and mode shapes of frame structure can be obtained from Eq. (36) 
setting the force vector to zero: 
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 ˆ 0nnD nK u  (40) 
Zeros of the determinant of the dynamic stiffness matrix 
nnDK define the natural 
frequencies of the frame structure. In order to avoid numerical difficulties, instead of 
plotting the determinant det
nnDK , the natural frequencies are defined as maxima of the 
following expression, (Doyle 1997): 
  
1log
det
    nnDK
. (41) 
The mode shapes are computed using Eq. (40) and setting one of the nodal 
displacements to an arbitrary value. 
1.1.1.1 Numerical examples 
 Dynamic response of a cantilever beam 
As the first illustrative example, let's consider an Euler-Bernoulli beam fixed at one end, 
as described in Figure 5.  The beam is subjected to rectangular impulse force given in 
Figure 6. The duration of the impulse is 0.1 seconds. 
 
Figure 5. Layout of beam geometry 
Natural frequencies calculated using the SEM and FEM - for different number of finite 
elements are presented in Table 1. For the FEM modeling, SAP2000 software has been 
used, (SAP2000 1996). The mass of the structure has been lumped in the structural 
nodes. Unlike the FEM, the SEM provides infinite number of modes using only one 
spectral element. As the number of finite elements increase, the natural frequencies 
obtained by the FEM converge to those obtained by the SEM.  Time history and 
corresponding response spectrum of beam displacement using the SEM are given in 
Figure 7. Vibration response has been calculated for different number of points (NFFT) 
in the FFT. Due to the discretization of the input and response functions in both time 
and frequency domain, these functions are periodic. 
E = 2.1·108 kN/m2
A = 0.0198 m2 
I = 5.768·10-4 m4 
ρ= 7.8 t/m3 
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Figure 6. Time history and spectrum of input force 
Consequently, choosing a sufficiently large number of points in the FFT, errors due to 
the periodicity assumption can be minimized, as it was shown in Figure 7.  Figure 8 
shows the comparison between the time histories and frequency responses of a beam 
using the SEM and FEM. As the number of finite elements increase, the FEM provides 
more accurate response. 
Table 1. Natural frequencies of cantilever beam obtained using SEM and FEM 
Mode No. fSEM (Hz) 
fFEM (Hz) - SAP2000 
n =1 n =2 n =4 n =8 n =16 
1 4.96 3.45 4.45 4.82 4.92 4.95 
2 31.1  22.9 28.3 30.3 30.9 
3 87   75 83.6 86.1 
4 170.4   130.7 161.1 168 
5 281.7    261.3 276.5 
6 420.8    379 411.3 
7 587.7    498.9 571.7 
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Figure 7. Time history and frequency response spectrum of cantilever beam obtained 
using SEM 
 
Figure 8. Comparison of vibration responses obtained using SEM and FEM 
 Free vibration analysis of 3D frame 
A simple 3D frame structure is presented in Figure 9. All members have the same 
geometrical and material properties. Free vibration analysis has been carried out using 
the SEM and FEM. The number of finite elements per member - n in the FEM analysis 
has been varied from 1 to 8. The results are presented in Table 2. The FEM model 
created in SAP 2000 did not include the torsional inertia in the analysis. Good 
agreement is achieved especially for lower vibration modes.  
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Figure 9. Layout and geometry of 3D frame structure 
 
Table 2. Natural frequencies of 3D frame structure 
Mode No. fSEM (Hz) 
fFEM (Hz) - SAP2000 
n =1 n =2 n =4 n =8 
1 29.6 28.1 29.6 29.8 29.9 
2 37.7 31.1 36.3 37.7 38 
3 65.1 55.7 64.9 65.6 65.7 
4 120.7 225 122.4 123.1 123 
5 135 227.1 138.8 138.5 137.9 
6 147 229.8 147.9 150.7 150.8 
7 151 319.2 151.4 153.4 153.1 
8 201 320.4 191.8 204.1 204.8 
9 222.6  209.1 224.2 225.0 
10 236.3  215.6 237.4 238.5 
11 242  216.1 242.7 244.5 
2.3 Two-dimensional spectral elements 
In this section the development of the dynamic stiffness matrices of the completely free 
rectangular plates undergoing transverse and in-plane vibrations will be developed. The 
basic idea is to describe the plate displacements in the form of infinite series, which has 
to be truncated for practical purposes. The Projection method proposed by Kevorkian 
and Pascal, (2001) and Casimir at al. (2005) and Gorman’s superposition method 
(Gorman 1978) has been used in order to develop the dynamic stiffness matrices. 
Depending on an elastodynamic theory, general form of the equation of motion of the 
two-dimensional domain V in the frequency domain without the presence of external 
distributed load can be given as: 
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   02  uu hL , (42) 
where u = u (x,y) is the displacement vector,   is the mass density, h is the plate 
thickness,   is the circular frequency, and L is the differential operator. The number p 
of components of the displacement vector depends on the elastodynamic plate theory, 
i.e. whether transverse or in-plane vibrations are analyzed. As said in the previous 
sections, for two-dimensional elements like plates there is no exact solution of the 
governing equations of motion that satisfies arbitrary boundary conditions. In order to 
find a solution of a problem, p components ui of plate displacement vector u are 
presented as infinite series: 
  
1
, ( , ), 1,...,i m m
m
u x y C f x y i p


  , (43) 
where mC  are integration constants, which can be obtained from the boundary 
conditions and ),( yxfm  are base functions that satisfy the homogeneous Eq. (42). For 
practical purposes, the infinite series representation has to be truncated to a point M, i.e. 
the displacement field is represented in the following form: 
  
1
, ( , )
M
i m m
m
u x y C f x y

  . (44) 
The functions ),( yxfm  are chosen so that they give a good approximation of the general 
solution of the Eq. (42) for small number of M. Eq. (44) can be written in the matrix 
form as: 
    , ,x y x yu Φ C , (45) 
where C   is the vector of integration constants and  ,x yΦ is matrix which contains 
functions ),( yxfm . The force vector  ,x yf  is function of derivatives of the 
displacement functions and can be expressed as: 
    , , ,x y x yf G C  (46) 
where the elements of matrix  ,x yG  are the derivatives of the components of the 
matrix  ,x yΦ . 
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Boundary conditions 
If B(s) is the function which defines the boundary of the two-dimensional domain V and 
s is the curvilinear abscissa, the displacements along the boundary  sq  can be written 
as: 
       bs B s s q Φ C Φ C . (47) 
From Eq. (46) the force vector along the boundary -  sQ  is given as: 
       bs B s s Q G C G C . (48) 
The displacements  sq  and forces  sQ  along the boundary are continuous functions 
of spatial variable s. Therefore it is not possible to define the relation between the 
displacement and force vectors on the boundary, as in case of one – dimensional 
elements. The spatial dependence can be avoided by so-called Projection method 
(Kevorkian and Pascal 2001), which is based on the projection of the displacements and 
forces on the boundary onto a set of functions h(s): 
 
 
 
1
1
( ) , , 1,...
( ) , , 1,...
M
i i m m
m
M
i i m m
m
q s q h h s i p
Q s Q h h s i p


   
   




, (49) 
The projections of the functions are defined as the scalar product: 
  
, ( ) ( )
B s
f g f s g s ds    . (50) 
If the functions h(s) are trigonometric, then this method is equivalent to the Fourier 
series development of the displacement and force functions along the boundary. Now, 
the  pxM  projections of the displacements and forces along the boundary B are 
collected into vectors: 
 
 
 
,
,
i m
i m
q h
Q h
  
  
q
Q

 , i = 1,…,p     m = 1,…M (51) 
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Dynamic stiffness matrix 
Using Eq. (47), (48) and (51) the following relations are obtained between the 
displacement and force projections and integration constants: 
 
( 1)
( 1)
, , ,
, , ,
ij ij
ij ij
i M m i m b j m b m j
i M m i m b j m b m j
q q h Φ C h Φ h C
Q Q h G C h G h C
 
 
        
        

 , (52) 
or in matrix form: 
 


q DC
Q FC

  , (53) 
where 
 
( 1) ,
( 1) ,
,
,
ij
ij
i M m j b m
i M m j b m
D Φ h
F G h
 
 
  
   . (54) 
Eliminating the vector of unknown constants C  from the expressions in Eq. (53), the 
following relation is obtained: 
 1  DQ FD q K q     . (55) 
1DK FD    is the dynamic stiffness matrix of two-dimensional domain. Eqs. (53) and 
(55) have the same form as the corresponding expressions for one-dimensional spectral 
elements. The only difference is in the displacement and force vectors q  and Q , which 
contain the projections of the plate displacements and forces along the boundary.  
In the following sections the dynamic stiffness matrix for transverse and in-plane 
vibration of rectangular plates with completely free boundaries will be developed using 
the aforementioned theory. 
2.3.1 Plate spectral element for transverse vibration 
2.3.1.1 Equation of motion 
A rectangular plate of thickness h and dimensions 2a x 2b is shown in Figure 10. The 
plate spectral element is based on Kirchhoff's plate theory, which is the equivalent of 
Euler-Bernoulli beam theory. It is based on the assumptions that the plate is 
incompressible in the transverse - z direction and that the transverse shear deformation 
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is negligible, i.e. 0z   and 0 yzxz  . According to these assumptions, the 
displacements of the plate are: 
            yxwzyxwy
yxwzzyxv
x
yxwzzyxu ,,,,,,,,,,, 

 , (56) 
where  yxw ,  is the transverse displacement of the plate mid-surface. The 
corresponding normal and shear strains are: 
 
yx
wz
x
v
y
u
y
wz
y
v
x
wz
x
u
xyyx 







2
2
2
2
2
2,,  . (57) 
Using Eq. (57) and the Hooke's law for plain stress the following stress – displacement 
relations are obtained: 
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wEz
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w
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wEz
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w
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wEz
xy
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



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
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






2
2
2
2
2
2
2
2
2
2
2
1
1
1



. (58) 
Internal forces of the plate defined in Figure 10 are resultant forces of the corresponding 
stresses acting on the edge faces:                                                                                                                     
 
 
2 2/2
2 2
/2
2 2/2
2 2
/2
2/2
/2
1
h
x x
h
h
y y
h
h
xy xy
h
w wM zdz D
x y
w wM zdz D
y x
wM zdz D
x y



           
           
      
, (59) 
where  2
3
112 
EhD  is flexural stiffness of the plate. The shear forces cannot be 
obtained integrating the corresponding shear stresses, since the stresses do not have a 
relationship to the corresponding deformations xz  and yz , which are equal zero. The 
shear forces are obtained from the equilibrium equations of the infinitesimal element of 
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the plate, presented in Figure 11. According to Figure 11 the following equilibrium 
equations are derived: 
 
Figure 10. Internal forces of plate element undergoing transverse vibration 
 
 
 
 
Figure 11.  Infinitesimal element of plate 
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. (60) 
Substituting Eq. (59) into Eq. (60)-(a) and (60)-(b), and then into Eq. (60)-(c), the 
equation of motion of plate undergoing transverse vibration is obtained: 
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 02
2


t
w
D
hw  , (61) 
where   is Laplace operator: 4
4
22
4
4
4
2
yyxx 


 . 
Introducing spectral representation of the transverse displacement w(x, y, t) as: 
    , , , , i tw x y t w x y e   , (62) 
the Fourier transform of Eq.(61) can be expressed as: 
 0ˆˆ 2  w
D
hw  . (63) 
2.3.1.2 General solution 
According to Gorman’s superposition method (Gorman 1978), the transverse 
displacement of rectangular plate is split into four contributions: symmetric-symmetric 
(SS), antisymmetric-antisymmetric (AA), symmetric-antisymmetric (SA) and 
antisymmetric-symmetric (AS): 
          yxwyxwyxwyxwyxw ASSAAASS ,ˆ,ˆ,ˆ,ˆ,ˆ  . (64) 
The first letter in the subscripts in Eq. (64) designates the type of symmetry about y-axis 
and the second about x-axis. This method allows one to analyze only one quarter of the 
rectangular plate. Each of the above contributions  ˆ ,abw x y  (a, b = S, A) are expressed 
according to Eq. (44). The displacement vector has only one component, the transverse 
displacement w, i.e. p = 1. 
 Symmetric-symmetric contribution (SS) 
In order to satisfy double symmetry condition, the transverse displacement is defined as: 
      1 2
0 0
ˆ , cos cos
m m
M M
SS SS SS
m m
m x m yw x y W y W x
a b 
    , (65) 
where  1
mSS
W y and  2
mSS
W x  are even functions. They are obtained substituting Eq. 
(65) into the equation of motion (63), and omitting the odd contributions of the solution: 
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 
  xBxAxW
yDyCyW
mmm
mmm
mmSS
mmSS
21
2
21
1
coscosh
coscosh




. (66) 
In the above equations Am , Bm ,Cm  and Dm are integration constants and 
 
2 2 2 2
1 2
2 2 2 2
1 2
, ,
, ,
m m m m m
m m m m m
a a a
b b b
h h mk k k
D D a
h h mk k k
D D b
          
          
. (67) 
Now, the transverse displacement for double symmetry case can be written according to 
Eq. (44) in the following form: 
 
      
    
1 2
0
3 4
0
ˆ , , ,
, ,
m m
m m
M
SS m m
m
M
m m
m
w x y A f x y B f x y
C f x y D f x y


  
 
, (68) 
where 
 
 
 
 
 
1 1
2 2
3 1
4 2
, cosh cos
, cos cos
, cosh cos
, cos cos
m m
m m
m m
m m
m yf x y x
b
m yf x y x
b
m xf x y y
a
m xf x y y
a
 
 
 
 
.  (69) 
The solutions for AA, SA and AS contributions are obtained similarly. The expressions 
of these contributions are the following: 
 Antisymmetric-antisymmetric contribution (AA) 
      
b
ymxW
a
xmyWyxw
M
m
AA
M
m
AAAA mm 2
)12(sin
2
)12(sin,ˆ
1
2
1
1   

, (70) 
 
 
 
1
1 2
2
1 2
sinh sin
sinh sin
m m m
m m m
AA m m
AA m m
W y C y D y
W x A x B x
   
    , (71) 
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   
   
   
   
1 1
2 2
3 1
4 2
2 1
, sinh sin
2
2 1
, sin sin
2
2 1
, sinh sin
2
2 1
, sin sin
2
m m
m m
m m
m m
m y
f x y x
b
m y
f x y x
b
m x
f x y y
a
m x
f x y y
a
  
  
  
  
, (72) 
mi and mi are given by the Eq. (67), while 
   2 1 2 1,
2 2m ma b
m m
k k
a b
     . 
 Symmetric-antisymmetric contribution (SA) 
      
b
ymxW
a
xmyWyxw
M
m
SA
M
m
SASA mm 2
)12(sincos,ˆ
1
2
0
1   

. (73) 
 
 
  xBxAxW
yDyCyW
mmm
mmm
mmSA
mmSA
21
2
21
1
coscosh
sinsinh




. (74) 
 
   
   
 
 
1 1
2 2
3 1
4 2
2 1
, cosh sin
2
2 1
, cos sin
2
, sinh cos
, sin cos
m m
m m
m m
m m
m y
f x y x
b
m y
f x y x
b
m xf x y y
a
m xf x y y
a
  
  
 
 
, (75) 
mi
 and 
mi
 are given by the Eq. (67), while  
b
mk
a
mk
mm ba 2
12,   . 
 Antisymmetric-symmetric contribution (AS) 
      
b
ymxW
a
xmyWyxw
M
m
AS
M
m
ASAS mm
 cos
2
)12(sin,ˆ
0
2
1
1 

 . (76) 
 
 
 
1
1 2
2
1 2
cosh cos
sinh sin
m m m
m m m
AS m m
AS m m
W y C y D y
W x A x B x
   
    . (77) 
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 
 
   
   
1 1
2 2
3 1
4 2
, sinh cos
, sin cos
2 1
, cosh sin
2
2 1
, cos sin
2
m m
m m
m m
m m
m yf x y x
b
m yf x y x
b
m x
f x y y
a
m x
f x y y
a
 
 
  
  
, (78) 
mi and mi are given by the Eq. (67), while 
 
b
mk
a
mk
mm ba
  ,
2
12
. 
2.3.1.3 Development of the dynamic stiffness matrix 
The development of the dynamic stiffness matrix will be shown on the example of the 
double symmetry contribution of the displacement field, using the general procedure 
described previously and considering only one quarter of the plate. The geometry of 
plate element is given in Figure 12. 
 
Figure 12. Geometry of the rectangular plate element 
The displacement and force vectors, for each circular frequency ω, along the boundary x 
= a and y = b of the quarter segment of the rectangular plate, are defined as: 
 
       
       
ˆ ˆˆ ˆ, , , ,
ˆ ˆˆ ˆ, , , ,
SS SS SS SS
T SS SS
SS SS SS
T
SS x x y y
w ww a y a y w x b x b
x y
T a y M a y T x b M x b
      
    
q
Q
, (79) 
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where 
 
   
   
3 3
3 2
3 3
3 2
ˆ ˆˆ ˆ, 2
ˆ ˆˆ ˆ, 2
xy
x x
xy
y y
M w wT x y T D
y x x y
M w wT x y T D
x y x y
             
             
 (80) 
are Kirchoff shear forces, while bending moments are defined by Eq. (59). 
Projections SSq  and SSQ  of the vectors SSq  and SSQ  have been obtained using the 
following set of projection functions: 
    cos , cos
SS SSn n
n x n yh x h y
a b
   ,     n = 0, 1, ..., M. (81) 
According to Eq. (51) the projections of the vectors SSq  and SSQ  are given in the 
following form: 
 
2 2
2 2
SS SS SS SS b SS
s s
SS SS SS SS b SS
s s
ds ds
L L
ds ds
L L
   
   
q H q H Φ C D C
Q H Q H G C F C

 
, (82) 
where: 
 
 
2
2
SS SS b
s
SS SS b
s
T
o o o o m m m m M M M M
ds
L
ds
L
A B C D A B C D A B C D
 
 

D H Φ
F H G
C


 
, 
(83) 
 
1
1
1 (4 4)o m M
m m m
m m
o m M
m SSm SSm SSm SSm
T
SS SS SS SS SS x M
yx
T x y
SS SS SS
SS SS
T
SS SS SS SS SS
T x x y y
SS x x y y
w ww w
x y
T M T M

   
             
   
   
q q q q q
q
Q Q Q Q Q
Q
     

     

 (84) 
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 
 
 
 
1
(4 4) 4
0 0 0 1 0 0 0
0 0 0 0 1 0 01, ,
0 0 1 020 0 0
0 0 0 10 0 0
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SS
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o
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SS n o
n n
n
M M x
h y
h y
h x
h x

                                     
H
H
H H H
H
H


 (85) 
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       
       
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f f f f
a y a y a y a y
x x x x
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x b x b x b x b
y y y y
                                              
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Φ
Φ ΦΦ
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
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2, ,
fx b x b
x
              
 (87) 
 
* 2
2 , ,
2 , ,
b for x a dy for x a
L ds
a for y b dx for y b
   
      
. (88) 
The superscripts x and y in Eq. (84) refer to the plate boundaries x = a and y = b, 
respectively. 
Using simple mathematical operations, the elements of the matrices SSD  and SSF  have 
been calculated from Eq. (83)-(a). The dynamic stiffness matrix for the double 
symmetry contribution is obtained as: 
   1
SS SS SS
 DK F D   . (89) 
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The size of the dynamic stiffness matrix is 4(M+1).  
The dynamic stiffness matrices of other three contributions:  
SA
DK ,  AS DK  and 
 
AA
DK  are obtained likewise, using the corresponding base functions  ,mif x y  and 
projection functions  nh x  and  nh y : 
 
     
     
       
2 1
cos , sin
2
2 1
sin , cos
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2 1 2 1
sin , sin
2 2
SA SA
AS AS
AA AA
n n
n n
n n
n yn xh x h y
a b
n x n yh x h y
a b
n x n y
h x h y
a b
  
   
    
,     n = 0, 1, ..., M. (90) 
 The size of the matrices 
SADK
  and 
ASDK
 are 4M+2, while the size of matrix 
AADK
  is 
4M, since m=0 term is omitted in the antisymmetric contribution. M is the number of 
terms in the general solution.  
Dynamic stiffness matrix of completely free rectangular plate 
The dynamic stiffness matrix of completely free rectangular plate is obtained 
superimposing the dynamic stiffness matrices of each symmetry contribution, which 
will be described in the following. The displacement components along each edge are 
expressed using the Projection method. 
The transverse displacements and rotations along the plate edges 1, 2, 3 and 4 are given 
as: 
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.
 
(91) 
Terms 
m
i
Sw , m
i
Aw , m
i
Sw  and mi Aw  , (i = 1, 2, 3, 4) are the projections of the 
displacements along the plate edges, which are collected into the sub - vector  mq  (m = 
0, 1, 2,…, M), i.e. into the vector q : 
 
 
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41
1 4
1 8
1 1 (16 8)
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q
q
q q q q q
 
 
      .
 (92) 
From Eq. (84)-(b) the transverse displacements and rotations of the double symmetry 
contribution are given as 
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. (93) 
The projections of these displacements and rotations are collected into vector SSq : 
 1 (4 4)
o m M
m m m m m
T
SS SS SS SS x M
T x x y y
SS SS SS SS SSw w w w

   
    
q q q q
q
   

. (94) 
The vectors SAq , ASq , AAq  of SA, AS and AA contributions can be expressed likewise. 
They are collected into vector oq  : 
  1 (16 8)T SS SA AS AA x M oq q q q q     . (95) 
For example, the displacements along the edge y = b can be written as: 
 
         
         
         
         
ˆ ˆ ˆ ˆ ˆ, , , , ,
ˆ ˆ ˆ ˆ ˆ, , , , ,
ˆ ˆ ˆ ˆ ˆ, , , , ,
ˆ ˆ ˆ ˆ ˆ, , , , ,
SS SA AS AA
SS SA AS AA
SS SA AS AA
SS SA AS AA
w x b w x b w x b w x b w x b
w x b w x b w x b w x b w x b
w x b w x b w x b w x b w x b
w x b w x b w x b w x b w x b
   
        
        
             
. (96) 
Since  
 
       
       
       
ˆ ˆ ˆ ˆ, , , ,
ˆ ˆ ˆ ˆ, , , ,
ˆ ˆ ˆ ˆ, , , ,
SA SA SA SA
AS AS AS AS
AA AA AA AA
w x b w x b w x b w x b
w x b w x b w x b w x b
w x b w x b w x b w x b
       
       
       
, (97) 
the fully symmetric transverse displacement is given by: 
           1ˆ ˆ ˆ ˆ ˆ, , , , ,
4SS
w x b w x b w x b w x b w x b        . (98) 
For other displacement and rotation components similar expressions can be obtained: 
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          
         
         
1ˆ ˆ ˆ ˆ ˆ, , , , ,
4
ˆ ˆ ˆ ˆ ˆ, , , , ,1
4
ˆ ˆ ˆ ˆ ˆ, , , , ,1
4
SS
SS
SS
w a y w a y w a y w a y w a y
w a y w a y w a y w a y w a y
x x x x x
w x b w x b w x b w x b w x b
y y y y y
       
                  
                  
. (99) 
From Eqs. (91), (93), (98) and (99) the following expressions are obtained: 
  
 
 
1 3
1 3
2 4
2 4
1
2
1
2
1
2
1
2
m m m
m
m m
m m m
m
m m
x
SS S S
x
SS
S S
y
SS S S
y
SS
S S
w w w
w ww
x x
w w w
w ww
y y
 
                 
 
                 
, m =0,1,…,M. (100)
Eq. (100) can be written in the matrix form as: 
 
1
2mSS SS m
q t q  , m =0,1,…,M, (101)
where 
 
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
SS
       
t . (102)
Now, the relation between the vectors SSq  and oq is given as: 
 
1
2SS SS
q T q  , (103)
where 
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(4 4) (16 8)
SS
SSSS
SS M x M 
         
t
tT
t


. (104)
The above procedure is carried out for vectors SAq , ASq  and AAq , and the following 
relations are obtained: 
 
1
2
1
2
1
2
SA SA
AS AS
AA AA



q T q
q T q
q T q
 
 
 
. (105)
From Eq. (103)-(105) the relation between vectors oq  and q  is given as: 
 
1
2
oq Tq  , (106)
where T is transformation matrix : 
 
(16 8) (16 8)
SS
SA
AS
AA M x M 
       
T
T
T
T
T
. (107)
Similarly, the reverse procedure is carried out for the force components. For example, 
the Kirchhoff’s shear force on edge 1 is given by: 
          ˆ ˆ ˆ ˆ ˆ, , , , ,
SS SA AS AAx x x x xT a y T a y T a y T a y T a y    , (108)
where 
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   
 
   
 
   
1 1 1
1 1
1
1
1
1
2 1ˆ , cos sin
2
ˆ , cos
2 1ˆ , sin
2
ˆ , cos
2 1ˆ , sin
2
o S Am m
SS SS SSo m
SA SAm
AS AS ASo m
AA AAm
M M
x x x x
m m
Mx
x x x
m
M x
x x
m
Mx x
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m
M x
x x
m
m ym yT a y T T T
b b
m yT a y T T
b
m y
T a y T
b
m yT a y T T
b
m y
T a y T
b
 




    
  
  
  
  
. (109)
Substituting Eq. (109) into (108) the following expressions are obtained: 
 
1
1
ˆ ˆ ˆ
ˆ ˆ ˆ
S SS ASm m m
A AA SAmm m
x x
x x x
x x
x x x
T T T
T T T
 
 
. (110)
Similar expressions can be obtained for other forces along the plate boundary: 
  
1
1
2 2
2 2
3 3
3 3
ˆ ˆ ˆ
ˆ ˆ ˆ
ˆ ˆ ˆ
ˆ ˆ ˆ
S SS ASm m m
A AA SAm m m
S SS AS S SS ASm m m m m m
A AA SA A AA SAm m m m m m
S SS AS S SS ASm m m m m m
A AA SAm A AAm m m m
x x
x x x
x x
x x x
y y y y
y y y y x x
y y y y
y y y y x x
x x x x
x x x x x x
x x x x
x x x x x
M M M
M M M
T T T M M M
T T T M M M
T T T M M M
T T T M M M
 
 
   
   
     
   
4 4
4 4
ˆ ˆ ˆ
ˆ ˆ ˆ
SAm
S SS AS S SS ASm m m m m m
A AA SA A AA SAm m m m m m
x
y y y y
y y y y x x
y y y y
y y y y x x
T T T M M M
T T T M M M
     
   
. (111)
These relations can be written in the matrix form as: 
 T oQ T Q  , (112)
where   
 
 
Dynamic analysis of soil-structure system using spectral element method 
 
36 
 
 
1
1 1 1 1 4 4 4 4
,
,
m m m m m m m m
T
SS SA AS AA
T
o m M
T
m xS xA xS xA yS yA yS yAT T M M T T M M
   
   
   
oQ Q Q Q Q
Q Q Q Q Q
Q
    
     
 
 (113)
and T is the transformation matrix defined by Eq. (107). According to the relation 
between the vectors oQ  and oq : 
 
0 0 0
0 0 0
0 0 0
0 0 0
SS
SA
AS
AA
         
o o o o
K
K
Q K q q
K
K

   

, (114)
and Eqs. (106) and (112), the dynamic stiffness matrix of the completely free 
rectangular plate element is given by: 
 
1
2
TD oK T K T  . (115)
The size of the dynamic stiffness matrix is 16M+8.  In order to make it square, the 
number of terms in the general solution defined by Eq. (64) has to be the same as the 
number of projection functions.  
The described method allows the vibration analysis of rectangular plate and plate 
assemblies with arbitrary boundary conditions. For that purpose a computer code using 
Matlab (2011) has been developed employing the same assemblage procedure like in 
the FEM. In contrast to the FEM, the discretization of plate assemblies is eliminated, 
which significantly improves the solution accuracy and reduces computational time. In 
the following examples the efficiency of the SEM in free vibration analysis of 
rectangular plates undergoing transverse vibration will be presented. 
2.3.1.4 Numerical examples 
 Free vibration analysis of simply supported square plate 
Convergence and validation of the dynamic stiffness matrix developed in the previous 
section are demonstrated on the example of a simply supported square plate having 
dimensions 2a=4 m, h = 0.15 m, E =30 GPa, ρ=2.5 kN/m3, ν=0.15. The results obtained 
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from the SEM are compared to those obtained by the finite element software SAP2000 
and to the exact solution of the free vibration analysis obtained using Navier solution 
(Leissa 1973). In order to check the convergence of the proposed method, the natural 
frequencies of the plate have been calculated for various values of M. The results are 
given in Table 3, while the first six mode shapes are presented in Figure 13. It can be 
seen that natural frequencies of the first three modes calculated using the SEM agree 
well with the exact values. For higher frequencies, larger number of terms in the general 
solution – M is necessary. For M = 3 the error is less than 1%, while for M =5 the results 
are practically the same. The natural frequencies of the plate obtained using SAP 2000 
for different number of finite elements, are presented in Table 4.  
Table 3. Natural frequencies of simply supported square plate using SEM 
Mode No. f (Hz)  M=1 M=2 M=3 M=5 Exact solution 
1 29.1 29.6 29.7 29.7 29.8 
 2* 73.4 74.1 74.3 74.4 74.5 
3 116.6 118.4 118.8 119.1 119.2 
 4* 138.2 148.9 148.9 148.8 148.9 
5* 148.9 191.8 192.9 193.4 193.6 
 6* 179.5 252.5 252.9 253.1 253.2 
7 220.3 262.5 266.5 267.6 268.1 
 8* 247.8 295.7 296.3 297.9 297.9 
 9* 266.6 364.3 370.2 371.8 372.3 
10* 297.1 379.1 386.3 387.3 387.3 
11* 313.4 387.0    
       12 361.4     
Table 4. Natural frequencies (in Hz) of simply supported square plate using FEM 
Mode No. Number of FE Exact solution 5x5 10x10 20x20 30x30 
1 28.9 29.6 29.7 29.8 29.8 
2* 70.9 73.6 74.2 74.4 74.5 
3 105.6 115.7 118.3 118.8 119.2 
4* 139.0 146.9 148.4 148.7 148.9 
5* 162.4 185.8 191.6 192.7 193.6 
6* 202.0 249.2 252.3 252.8 253.2 
7 219.4 250.7 263.7 266.1 268.1 
8* 229.3 283.7 294.3 296.3 297.9 
9* 249.7 341.5 364.5 368.8 372.3 
10* 277.1 379.2 385.7 386.6 387.3 
* Double frequency due to symmetry 
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Figure 13. Mode shapes of simply supported square plate 
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By comparing the different mesh sizes of the FE model the results converge to the 
natural frequencies obtained using the SEM, as the number of finite elements (FE) 
increase. The coarsest mesh (5x5 elements) gives considerably different natural 
frequencies and mode shapes, especially for higher modes. Using finer FE meshes the 
error is considerably smaller. In order to obtain acceptably accurate results using the 
FEM, the mesh of 20x20=400 elements, i.e. 441 nodes should be used. On the other 
hand, using the SEM with only one spectral element and three terms in the general 
solution (M = 3) accurate values of the first 10 natural frequencies have been calculated. 
 Free vibration analysis of completely free square plate 
The natural frequencies of the completely free square plate having the same dimensions 
and properties as in the previous example have been calculated for various values of M. 
The results are given in Table 5. In this case an excellent accuracy has been achieved 
even for M = 1. It can be seen that the agreement between the columns in Table 5 is 
almost total. The first six mode shapes of the plate are presented in Figure 14.  
Table 5. Natural frequencies of completely free square plate 
Mode No. f (Hz) FEM (SAP2000) 30x30 M=1 M=2 M=3 M=5 
1 22.2 22.2 22.2 22.2 22.2 
2 31.9 31.8 31.9 31.9 31.7 
3 35.4 35.4 35.4 35.4 35.2 
4* 55.9 55.9 55.9 55.9 55.6 
5* 92.9 92.9 92.9 92.9 92.3 
6 101.8 101.7 101.7 101.7 101.2 
7 111.3 111.3 111.3 111.3 110.4 
8 117.2 117.2 117.2 117.2 116.4 
9* 166.7 166.6 166.6 166.6 165.2 
10 180.4 180.2 180.2 180.2 178.7 
11 184.1 184.0 184.0 184.0 182.5 
* Double frequency due to symmetry 
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 Figure 14. Mode shapes of completely free square plate 
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2.3.2 Plate spectral element for in-plane vibration 
2.3.2.1 Equation of motion 
A rectangular plate of thickness h and dimensions 2a x 2b with in-plane internal forces 
is shown in Figure 15. 
 
 
Figure 15. Internal forces of plate element undergoing in-plane vibration 
Internal forces of the plate defined in Figure 15 are resultant forces of the corresponding 
stresses, which are uniformly distributed along the plate thickness: 
 
/2
/2
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. (116)
Using the Hooke’s law for plain stress and strain-displacement relations: 
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y
v
x
u
xyyx 
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Eqs. (116) become: 
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where  tyxu ,,  and  tyxv ,,  are plate in-plane displacements in x and y direction 
respectively, 21 
EhD  is plate in-plane stiffness and 
2
1
1
a .  According to Figure 
15 the following equilibrium equations are derived: 
 
2
2
2
2
0
0
xyx
xy y
NN h u
x y D t
N N h v
x y D t


     
      
. (119)
According to Eq. (118) and (119) equations of motion of plate undergoing in-plane 
vibrations are: 
 
2 2 2 2
1 22 2 2
2 2 2 2
1 22 2 2
0
0
u u v h ua a
x y x y D t
v v u h va a
y x x y D t
           
           
, (120)
where ρ is mass density and 
2
1
2
a . Introducing spectral representation of the 
displacements u(x, y, t) and v(x, y, t) as: 
 
ˆ( , , ) ( , , )
ˆ( , , ) ( , , )
i t
i t
u x y t u x y e
v x y t v x y e


 
 
, (121)
the Fourier transform of Eq. (120) can be expressed as: 
 
2 2 2 2
1 22 2 2
2 2 2 2
1 22 2 2
ˆ ˆ ˆ ˆ 0
ˆ ˆ ˆ ˆ 0
p
p
u u va a u
x yx y c
v v ua a v
x yy x c
        
        
, (122)
where  21   Ecp  represents the longitudinal wave velocity. 
2.3.2.2 General solution 
Likewise the transverse vibration, using Gorman’s superposition method (Gorman 
2004), the in-plane displacements of rectangular plate are split into four contributions, 
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symmetric-symmetric (SS), antisymmetric-antisymmetric (AA), symmetric-
antisymmetric (SA) and antisymmetric-symmetric (AS): 
 
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
SS AA SA AS
SS AA SA AS
u x y u x y u x y u x y u x y
v x y v x y v x y v x y v x y
   
    . (123)
According to Gorman, vibration mode is symmetric about an axis if displacement 
normal to this axis has a symmetric distribution about it, while it is antisymmetric about 
an axis if displacement normal to this axis has an antisymmetric distribution about it. 
Each of the above contributions is expressed according to Eq. (44), where two 
displacement components in x-y plane exist, i.e. p = 2. 
 Symmetric-symmetric contribution (SS) 
In order to satisfy the defined double symmetry condition, the in-plane plate 
displacements are defined as: 
 
   
   
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 
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     
, (124)
where 2 SSmU  and 
1
SSmV  are even functions, and 
1
SSmU   and 
2
SSmV   are odd functions. 
Substituting Eq. (124) into Eq. (122), the following system of equations is obtained: 
 1
2
1 1 1
1 2
1 1 1
2
0
0
m
m
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SSm m SSm a SSm
a U c U a k V
V c V a k U
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where  
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Without going into details, system of equations (125) and (126) can be transformed into: 
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where 
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a k a kc c
b c b c
a a a a
c c c c
c c
a a
     
 
. (129)
Solutions of Eq. (128), omitting the odd parts, are given as: 
 
1
1 1
2
2 2
cos cos
cos cos
m m
m m
SSm m m
SSm m m
V C y D y
U A x B x
   
    , (130)
where 1m , 1m  , 2m  , and 2m  are roots of the characteristic equations of Eq. (128) and 
Am, Bm , Cm, and  Dm are integration constants. Using  Eqs. (125) and (126) the 
following expressions for functions  1 SSmU  and 
2
SSmV  are obtained: 
 
1
2 1 4 1
2
1 2 3 2
sin sin
sin sin
m m m m
m m m m
SSm m m
SSm m m
U C y D y
V A x B x
     
      , (131)
where 
 
2
1 1
1
2 2
1
2 2
2
1 1
1 31
1 2 1 1
2 2
1 31
2 2 2 2
2 2
1 31
3 2 2 2
2 2
1 31
4 2 1 1
2 2
1
1
1
1
m m m m
m m
m m m m
m m
m m m m
m m
m m m m
m m
m
a
m a a m
n
b
n b b n
n
b
n b b n
m
a
m a a m
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
         
         
         
         
. (132)
Now, the in-plane displacements for double symmetry case can be written according to 
Eq. (44) in the following form: 
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           
           
11 12 13 14
1 1
21 22 23 24
1 1
ˆ , , , , ,
ˆ , , , , ,
m m m m
m m m m
M M
SS m m m m
m m
M M
SS m m m m
m m
u x y A f x y B f x y C f x y D f x y
v x y A f x y B f x y C f x y D f x y
 
 
    
    
, (133)
where 
 
       
       
       
   
11 2 21 1 2
12 2 22 3 2
13 2 1 23 1
14 4 1 2
2 1 2 1
, cos sin , , sin cos
2 2
2 1 2 1
, cos sin , , sin cos
2 2
2 1 2 1
, sin cos , , cos sin
2 2
2 1
, sin cos ,
2
m m m m m
m m m m m
m m m m m
m m m
m y m y
f x y x f x y x
b b
m y m y
f x y x f x y x
b b
m x m x
f x y y f x y y
a a
m x
f x y y f
a
  
  
  

   
   
   
     4 1 2 1, cos sin 2m m
m x
x y y
a
 
 (134) 
 Antisymmetric-antisymmetric contribution (AA) 
In order to satisfy this type of contribution, the in-plane displacements are defined as: 
 
   
   
1 2
0 0
1 2
0 0
ˆ ( , ) sin cos
ˆ ( , ) cos sin
M M
AA AAm AAm
m m
M M
AA AAm AAm
m m
m x m yu x y U y U x
a b
m x m yv x y V y V x
a b
 
 
   
   
, (135)
where 2 AAmU  and 
1
AAmV  are odd functions, while 
1
AAmU  and 
2
AAmV  are even functions. 
They can be developed in analogous way as in the case of symmetric-symmetric 
contribution, and are given in the following form: 
 
1
1 1
2
2 2
sin sin
sin sin
m m
m m
AAm m m
AAm m m
V C y D y
U A x B x
   
    , (136)
 
1
2 1 4 1
2
1 2 3 2
cos cos
cos cos
m m m m
m m m m
AAm m m
AAm m m
U C y D y
V A x B x
      
       , (137)
where Am, Bm , Cm, and  Dm are integration constants and 
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1
2 2
2
1 1
1
2 2
2
1 1
1 31
1 2 2 2
2 2
1 31
2 2 1 1
2 2
1 31
3 2 2 2
2 2
1 1
4 2 1
2 2
1
1
1
1
m m m m
m m
m m m m
m m
m m m m
m m
m m m
m m
n
b
n b b n
m
a
m a a m
n
b
n b b n
m
a
m a a m
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
          
          
          
         
3
1m
 (138)
  
 
   
   
   
   
11 2 21 1 2
12 2 22 3 2
13 2 1 23 1
14 4 1 24 1
, sin cos , , cos sin
, sin cos , , cos sin
, cos sin , , sin cos
, cos sin , , sin cos
m m m m m
m m m m m
m m m m m
m m m m m
m y m yf x y x f x y x
b b
m y m yf x y x f x y x
b b
m x m xf x y y f x y y
a a
m x m xf x y y f x y y
a a
  
  
  
  
   
   
   
   
, (139)
Eq. (136) and (137) are valid for m > 0. For m = 0, Eq. (122) becomes: 
 
2 2 2
1 2 1
0
0
AAo p AAo
AAo p AAo
U k U
V k V
  
   . (140)
The solutions of Eq. (140) can be expressed as: 
 
2
1
1
2
sin
sin
o
o
AAo p
AAo p
U C k x
V C k y

 , (141)
where 1oC  and 2oC are integration constants. 
 Symmetric-antisymmetric contribution (SA) 
In this case the displacements are obtained combining previously defined symmetric-
symmetric and antisymmetric-antisymmetric contributions: 
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   
   
1 2
0 1
1 2
0 1
(2 1)ˆ ( , ) sin sin
2
(2 1)ˆ ( , ) cos cos
2
M M
SA SAm SAm
m m
M M
SA SAm SAm
m m
m x m yu x y U y U x
a b
m x m yv x y V y V x
a b
 
 
    
    
, (142)
where 1 SAmU  and 
2
SAmU  are odd functions, while 
1
SAmV  and 
2
SAmV  are even functions. 
For m = 0, the solution for 1 SAmV  becomes: 
 1 3 cosoSAo pV C k y . (143)
For m > 0, the following solutions are obtained: 
 
1
1 1
2
2 2
cos cos
sin sin
m m
m m
SAm m m
SAm m m
V C y D y
U A x B x
   
    , (144)
 
1
2 1 4 1
2
1 2 3 2
sin sin
cos cos
m m m m
m m m m
SAm m m
SAm m m
U C y D y
V A x B x
     
       , (145)
 
1
2 2
2
1 1
1
2 2
2
1 1
1 31
1 2 2 2
2 2
1 31
2 2 1 1
2 2
1 31
3 2 2 2
2 2
1 1
4 2 1 1
2 2
1
1
1
1
m m m m
m m
m m m m
m m
m m m m
m m
m m m
m m
n
b
n b b n
m
a
m a a m
n
b
n b b n
m
a
m a a m
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
         
          
         
          
3
m
, (146)
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       
       
   
   
11 2 21 1 2
12 2 22 3 2
13 2 1 23 1
14 4 1 24
2 1 2 1
, sin sin , , cos cos
2 2
2 1 2 1
, sin sin , , cos cos
2 2
, sin sin , , cos cos
, sin sin , , cos
m m m m m
m m m m m
m m m m m
m m m m
m y m y
f x y x f x y x
b b
m y m y
f x y x f x y x
b b
m x m xf x y y f x y y
a a
m xf x y y f x y
a
   
   
 
 
   
   
   
  1 cosm
m xy
a

 
(147)
 Antisymmetric-symmetric contribution (AS) 
Displacements of plate element in this case are defined as: 
 
   
   
1 2
1 0
1 2
1 0
(2 1)ˆ ( , ) cos cos
2
(2 1)ˆ ( , ) sin sin
2
M M
AS ASm ASm
m m
M M
AS ASm ASm
m m
m x m yu x y U y U x
a b
m x m yv x y V y V x
a b
 
 
    
    
, (148)
where 1 ASmU  and 
2
ASmU  are even functions, while 
1
ASmV  and 
2
ASmV   are odd functions. 
For m = 0, the solution for 2 ASmU  becomes: 
 2 4 cosoASo pU C k x . (149)
For m > 0, the following solutions are obtained: 
 
1
2 1 4 1
2
1 2 3 2
cos cos
sin sin
m m m m
m m m m
ASm m m
ASm m m
U C y D y
V A x B x
      
      , (150) 
 
1
1 1
2
2 2
sin sin
cos cos
m m
m m
ASm m m
ASm m m
V C y D y
U A x B x
   
    , (151) 
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1
2 2
2
1 1
1
2 2
2
1 1
1 31
1 2 2 2
2 2
1 31
2 2 1 1
2 2
1 31
3 2 2 2
2 2
1 1
4 2 1 1
2 2
1
1
1
1
m m m m
m m
m m m m
m m
m m m m
m m
m m m
m m
n
b
n b b n
m
a
m a a m
n
b
n b b n
m
a
m a a m
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
a c aa k
c a k a k c
          
         
          
         
3
m
, (152) 
 
 
   
   
       
     
11 2 21 1 2
12 2 22 3 2
13 2 1 23 1
14 4 1 24 1
, cos cos , , sin sin
, cos cos , , sin sin
2 1 2 1
, cos cos , , sin sin
2 2
2 1
, cos cos , , sin s
2
m m m m m
m m m m m
m m m m m
m m m m m
m y m yf x y x f x y x
b b
m y m yf x y x f x y x
b b
m x m x
f x y y f x y y
a a
m x
f x y y f x y y
a
 
 
   
  
   
   
   
    2 1in
2
m x
a
 
 
(153) 
2.3.2.3 Development of the dynamic stiffness matrix 
In the following, the procedure for the development of the dynamic stiffness matrix 
SSK for the double symmetric contribution will be presented, considering only one 
quarter of the rectangular plate element (Figure 12). The dynamic stiffness matrices of 
the other three contributions: SAK , ASK  and AAK  can be obtained likewise.  
The in-plane displacement for the SS contribution and the corresponding force vector, 
for each circular frequency ω, along the boundary x = a and y = b of the quarter 
segment of rectangular plate element are defined as: 
 
 ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
SS SS SS SS
T
SS SS SS SS SS
T
SS x xy xy y
u a y v a y u x b v x b
N a y N a y N x b N x b

  
q
Q
. (154)
Projections SSq   and SSQ  of the vectors SSq  and SSQ  have been obtained using the 
following set of projection functions: 
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       
       
1 2
1 2
2 1 2 1
cos , sin
2 2
2 1 2 1
cos , sin
2 2
n n
n n
ss ss
ss ss
n y n y
h y h y for x a
b b
n x n x
h x h x for y b
a a
     
     
. (155) 
According to Eq. (51) projections of the vectors SSq  and SSQ  are given in the following 
form: 
 
2 2
2 2
2 2,
SS SS SS SS b SS
s s
SS SS SS SS b SS
s s
SS SS b SS SS b
s s
ds ds
L L
ds ds
L L
ds ds
L L
   
   
  
q H q H Φ C D C
Q H Q H G C F C
D H Φ F H G

 
 
, (156) 
where 
  1 1 1 1T m m m m M M M MA B C D A B C D A B C DC   , (157) 
 
1 2
1 2
1 4
1 4
m M
m m m m m
m M
m SSm SSm SSm SSm
T
SS SS SS SS SS x M
T x x y y
SS SS SS SS SS
T
SS SS SS SS SS x M
T x x y y
SS x xy xy y
u v u v
N N N N
   
   
   
   
q q q q q
q
Q Q Q Q Q
Q
     

     

 (158) 
 
 
 
 
 
 
 
1 2
2
1
1
2
4 4
0 0 0
0 0 0
,
0 0 0
0 0 0
SS
SS
SS
SS
n
n
SS n
n n
n
M Mx
h y
h y
h x
h x
                           
H
H
H H
H
H


, (159) 
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       
       
       
       
1
11 12 13 142
21 22 23 24
11 12 13 14
21 22 23 24
4 4
, , , ,
, , , ,
,
, , , ,
, , , ,
m m m m
m m m m
m m m m
m m m m
b
b
T
b bm
bm
bM Mx
f a y f a y f a y f a y
f a y f a y f a y f a y
f x b f x b f x b f x b
f x b f x b f x b f x b
                        
Φ
Φ
Φ ΦΦ
Φ


, (160) 
 
 
               
               
 
1 2 4 4
13 2311 21 12 21 14 24, , , , , , , ,
13 2311 21 12 22 14 24, , , , , , , ,
11 21,
m M
m
b b b b b x M
f ff f f f f fa y a y a y a y a y a y a y a y
x y x y x y x y
f ff f f f f fa y a y a y a y a y a y a y a y
y x y x y x y x
Db f fx b
y
   
                
                  
G G G G G
G
 
             
               
13 2312 22 14 24, , , , , , ,
13 2311 21 12 21 14 24, , , , , , , ,
f ff f f fx b x b x b x b x b x b x b
x y x y x y x
f ff f f f f fx b x b x b x b x b x b x b x b
x y x y x y x y
                                             
, (161) 
 
2 , ,
2 , ,
b for x a dy for x a
L ds
a for y b dx for y b
       . (162) 
Now, the dynamic stiffness matrix for the double symmetry contribution is obtained as: 
   1
SS SS SS
 DK F D   . (163) 
The size of the dynamic stiffness matrix 
SSDK
  is 4M. The dynamic stiffness matrices of 
other three contributions:  
SA
DK ,  AS DK  and  AA DK  are obtained likewise, 
using the corresponding base functions  ,
mif x y  defined previously and the projection 
functions  nh x  and  nh y : 
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       
   
   
       
   
   
1 2
1 2
1 2
1 2
1 2
1 2
2 1 2 1
cos , sin ,
2 2
cos , sin ,
cos , sin ,
2 1 2 1
cos , sin ,
2 2
cos , sin ,
cos , sin
n n
n n
n n
n n
n n
n n
SA SA
SA SA
AS AS
AS AS
AA AA
AA AA
n y n y
h y h y
b b
n x n xh x h x
a a
n y n yh y h y
b b
n x n x
h x h x
a a
n y n yh y h y
b b
n x n xh x h x
a a
    
  
  
    
  
  
. (164)
The size of the matrices 
SADK
  and 
ASDK
 are 4M+1, while the size of matrix 
AADK
  is 
4M+2, since the term m=0 exists in the antisymmetric contribution. Consequently, the 
size of the dynamic stiffness matrix oK , which relates the vectors  
T
SS SA AS AA   oQ Q Q Q Q       and   T SS SA AS AAoq q q q q      is 4M+4.  
Dynamic stiffness matrix of completely free rectangular plate 
The dynamic stiffness matrix DK  of completely free plate is obtained similarly as for 
the case of transverse plate vibrations. The in-plane displacements along the plate edges 
1, 2, 3 and 4 are given as: 
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 
 
 
 
1 1 1
1 1
1 1
1 1
2 2
1 1
2 2 2
1 1
3
2 1
ˆ( , ) cos sin
2
2 1
ˆ( , ) cos sin
2
2 1
ˆ( , ) cos sin
2
2 1
ˆ( , ) cos sin
2
ˆ( , )
o m m
m m
m m
o m m
M M
S S A
m m
M M
S A
m m
M M
S A
m m
M M
S S A
m m
m ym yu a y u u u
b b
m y m yv a y v v
b b
m y m yu x b u u
b b
m ym yv x b v v v
b b
u a y
 
 
 
 
    
    
    
    
   
 
 
 
3 3
1 1
3 3
1 1
4 4
1 1
4 4 4
1 1
2 1
cos sin
2
2 1
ˆ( , ) cos sin
2
2 1
ˆ( , ) cos sin
2
2 1
ˆ( , ) cos sin
2
o m m
m m
m m
o m m
M M
S S A
m m
M M
S A
m m
M M
S A
m m
M M
S S A
m m
m ym yu u u
b b
m y m yv a y v v
b b
m y m yu x b u u
b b
m ym yv x b v v v
b b
 
 
 
 
   
     
     
      . 
(165)
Terms  
m
i
Su , m
i
Au , m
i
Sv  and m
i
Av  (i = 1, 2, 3, 4) are the projections of the in-plane 
displacements along the plate edges, which are collected into the vector mq  , i.e. into 
the vector q : 
 
 
1 1 1 1 4 4 4 4
1 16
1 2 3 4
1 1 (16 4)
1 4
m m m m m m m m
T
m S A S A S A S A x
T
o So So So So
T
o m M x M
u u v v u u v v
u v u v x

  
  

q
q
q q q q q
 

     
.
 (166)
According to Eq. (124) and (158)-(b) the displacements of the double symmetry 
contribution are given as: 
 
   
   
   
   
1
1
1
1
2 1
ˆ , sin
2
2 1
ˆ , cos
2
2 1
ˆ , cos
2
2 1
ˆ , sin
2
m
m
m
m
M x
SS SS
m
M x
SS SS
m
M y
SS SS
m
M y
SS SS
m
m y
u a y u
b
m y
v a y v
b
m x
u x b u
a
m x
v x b v
a




  
  
  
  
.
 (167)
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The projections of these displacements are collected into the vector SSq : 
 
1 1 4m M
m m m m m
T
SS SS SS SS x M
T x x y y
SS SS SS SS SSu v u v
   
   
q q q q
q
   

. (168)
The vectors SAq , ASq , AAq  of SA, AS and AA contributions can be expressed likewise. 
They are collected into vector oq  : 
  T SS SA AS AAoq q q q q     . (169)
Using Gorman’s superposition method the displacements along the plate edge y = a can 
be written as: 
 
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
SS SA AS AA
SS SA AS AA
SS SA AS AA
SS SA AS A
u a y u a y u a y u a y u a y
u a y u a y u a y u a y u a y
u a y u a y u a y u a y u a y
u a y u a y u a y u a y u
   
        
        
            ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) (
A
SS SA AS AA
SS SA AS AA
SS SA AS AA
SS SA AS
a y
v a y v a y v a y v a y v a y
v a y v a y v a y v a y v a y
v a y v a y v a y v a y v a y
v a y v a y v a y v a
 
   
        
        
          ˆ, ) ( , )AAy v a y   
.
 (170)
Since 
 
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ( , ) ( , )
SS SS SS SS
SA SA SA SA
AS AS AS AS
AA AA AA AA
SS SS
u a y u a y u a y u a y
u a y u a y u a y u a y
u a y u a y u a y u a y
u a y u a y u a y u a y
v a y v a y
        
        
      
        
    ˆ ˆ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )
SS SS
SA SA SA SA
AS AS AS AS
AA AA AA AA
v a y v a y
v a y v a y v a y v a y
v a y v a y v a y v a y
v a y v a y v a y v a y
   
      
        
       
, (171)
the fully symmetric displacements are given by: 
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          
          
1ˆ ˆ ˆ ˆ ˆ, , , , ,
4
1ˆ ˆ ˆ ˆ ˆ, , , , ,
4
SS
SS
u a y u a y u a y u a y u a y
v a y v a y v a y v a y v a y
       
       
. (172)
For displacement components at the edge y = b similar expressions can be obtained: 
 
          
          
1ˆ ˆ ˆ ˆ ˆ, , , , ,
4
1ˆ ˆ ˆ ˆ ˆ, , , , ,
4
SS
SS
u x b u x b u x b u x b u x b
v x b v x b v x b v x b v x b
       
       
. (173)
From Eqs. (165), (167) and (172) the following expressions are obtained: 
 
 
 
 
 
1 3
1 3
2 4
2 4
1( , )
2
1( , )
2
1( , )
2
1( , )
2
m m m
m m m
m m m
m m m
SS A A
SS S S
SS S S
SS A A
u a y u u
v a y v v
u x b u u
v x b v v
 
 
 
 
, m = 1, …, M. (174)
Eq. (174) can be written in the matrix form as: 
 
1
2mSS SS m
q t q  , m =1,…,M, (175)
where 
 
0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1
SS
       
t . (176)
Now, the relation between the vectors SSq  and oq is given as: 
 
1
2SS SS
 oq T q  , (177)
where 
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4 16
SS
SSSS
SS Mx M
         
t
tT
t


. (178)
The above procedure is carried out for vectors SAq , ASq , AAq  and the following 
relations are obtained: 
 
1
2
1
2
1
2
SA SA
AS AS
AA AA



q T q
q T q
q T q
 
 
 
. (179)
From Eq. (177)-(179)  the relation between vectors oq  and q  is given as: 
 
1
2
oq Tq  , (180)
where  
 
16 16
SS
SA
AS
AA Mx M
       
T
T
T
T
T
. (181)
Similarly, the reverse procedure is carried out for the force components. For example, 
the in-plane normal force on edge 1 is given by: 
          , , , , ,SS SA AS AAx x x x xN a y N a y N a y N a y N a y    , (182)
where 
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   
   
   
 
 
1 1 1
1 1
1
1
1
1
2 1
, cos sin
2
2 1
, sin
2
2 1
, sin
2
, cos
, cos
o S Am m
SS SSm
SA SAm
AS AS ASo m
AA AA AAo m
M M
x x x x
m m
M x
x x
m
M x
x x
m
Mx x
x x x
m
Mx x
x x x
m
m ym yN a y N N N
b b
m y
N a y N
b
m y
N a y N
b
m yN a y N N
b
m yN a y N N
b
 




    
  
  
  
  
. (183)
Substituting Eq. (183) into (182) the following expressions are obtained: 
 
1
1
S AS AAm m m
A SS SAm m m
x x
x x x
x x
x x x
N N N
N N N
 
  . (184)
Similar expressions can be obtained for other forces along plate boundary: 
 
1
1
2 2
2 2
3 3
3 3
S SS SAm m m
A AS AAm m m
S SS AS S SA AAm m m m m m
A SA AA A SS ASm m m m m m
S AS AA S SS SAm m m m m m
A SS SA A Am m m m
x x
xy xy xy
x x
xy xy xy
y y y y
xy xy xy y y y
y y y y
xy xy xy y y y
x x x x
x x x xy xy xy
x x x
x x x xy xy
N N N
N N N
N N N N N N
N N N N N N
N N N N N N
N N N N N
 
 
   
   
    
   
4 4
4 4
S AAm m
S SS AS S SA AAm m m m m m
A SA AA A SS ASm m m m m m
x
xy
y y y y
xy xy xy y y y
y y y y
xy xy xy y y y
N
N N N N N N
N N N N N N

    
    
. (185)
These relations can be written in the matrix form as: 
 T oQ T Q  , (186)
where   
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 1
1 1 1 1 4 4 4 4
,
,
m m m m m m m m
T
SS SA AS AA
T
o m M
T
m xS xA xyS xyA xyS xyA yS yAN N N N N N N N
   
   
   
oQ Q Q Q Q
Q Q Q Q Q
Q
    
     
 
 (187) 
According to the relation between the vectors oQ  and oq : 
 
0 0 0
0 0 0
0 0 0
0 0 0
SS
SA
AS
AA
         
D
D
o o o o
D
D
K
K
Q K q q
K
K

   

, (188)
and considering Eqs. (180) and (186), the dynamic stiffness matrix of the completely 
free rectangular plate element is given by: 
 
1
2
TD oK T K T  . (189)
The size of the dynamic stiffness matrix is 16M+4. In order to make it square, the 
number of terms in the general solution defined by Eq. (64) has to be the same as the 
number of projection functions. The described method allows the in-plane vibration 
analysis of rectangular plate and plate assemblies with arbitrary boundary conditions. 
The efficiency and accuracy of the developed dynamic stiffness matrix will be showed 
on several examples with different type of boundary conditions. For that purpose the 
computer program using Matlab has been developed.  
2.3.2.4 Numerical examples 
 Free vibration analysis of completely free square plate 
In order to check the convergence of the developed dynamic stiffness matrix, the 
dimensionless frequencies pa c    of square plate with free boundaries are 
calculated for different value of M – the number of terms in the general solution, and 
presented in Table 6. It can be seen that the results obtained using the SEM show a very 
high rate of convergence, especially for the lower vibration modes. In addition, an 
excellent agreement is achieved between the present solution and the solutions obtained 
by Gorman (2004) and Bardell at al. (1996). 
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Table 6. Dimensionless frequencies of completely free square plate 
Mode 
No. 
SEM Gorman Bardell M=1 M=2 M=3 M=4 M=5 
1 1.167 1.160 1.160 1.160 1.160 1.160 1.160 
2* 1.266 1.245 1.241 1.238 1.237 1.236 1.236 
3 1.325 1.319 1.317 1.316 1.315 1.314 1.314 
4 1.529 1.507 1.501 1.498 1.497 1.494 1.493 
5 1.726 1.726 1.726 1.726 1.726 1.726 1.726 
6* 1.949 1.876 1.868 1.865 1.864 1.862 1.868 
7 2.508 2.205 2.177 2.166 2.161 2.153 2.177 
     * Double frequency due to symmetry 
Natural frequencies calculated using the FEM for different number of finite elements 
are presented in Table 7. As the number of finite elements increase, the natural 
frequencies converge to the more accurate solutions (SEM and Gorman’s analytical 
solution). The first four mode shapes are given in Figure 16. 
Table 7. Dimensionless frequencies of completely free square plate using FEM 
Mode 
No. 
Number of FE Gorman Bardell 10x10 20x20 40x40 
1 1.162 1.160 1.160 1.160 1.160 
2* 1.213 1.236 1.236 1.230 1.234 
3 1.298 1.314 1.314 1.310 1.313 
4 1.442 1.494 1.493 1.480 1.490 
5 1.721 1.726 1.726 1.725 1.726 
6* 1.820 1.862 1.868 1.851 1.859 
7 2.041 2.153 2.177 2.124 2.144 
     * Double frequency due to symmetry 
 Free vibration analysis rectangular plate with different boundary conditions 
Application of different types of boundary conditions has been illustrated on the 
example of rectangular plate with aspect ratio b/a = 1.2. The mass density, Young’s 
modulus and Poisson’s ratio are respectively 2.8 t/m3, 72·106 kN/m2 and 0.3. The 
following boundary conditions have been assigned to plate boundary: 
 simply supported edge - S1 (u ≠0, v = 0 for x =±a  and u = 0, v ≠0 for y =±b), 
 simply supported edge – S2 (u = 0 , v ≠0 for x =±a  and u ≠0 , v = 0 for y =±b), 
 clamped edge – C (u = 0, v = 0), 
 free edge – F (u ≠0, v ≠0). 
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Figure 16.  Mode shapes of completely free square plate 
The natural frequencies obtained using the SEM, have been compared with those 
obtained from the exact solution proposed by Xing and Liu (2009) and Boscolo and 
Banerjee, (2011) - b. The results are given in Table 8. Again, an excellent agreement is 
achieved between the present solution and the solutions obtained by Xing and Boscolo. 
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Table 8. Dimensionless frequencies of rectangular plate 
Boundary conditions Present solution using SEM 
Boscolo  Xing  
S1-S1-S1-S1 
0.773 
0.926 
1.210 
1.545 
1.807 
1.853 
2.010 
2.041 
2.318 
2.421 
0.774 
0.929 
1.210 
1.549 
1.806 
1.859 
2.013 
2.044 
2.323 
2.419 
0.774 
0.929 
1.210 
1.549 
1.806 
1.859 
2.013 
2.044 
2.323 
2.419 
S1-C-S1-C 
0.773 
1.431 
1.547 
1.658 
2.089 
2.222 
2.320 
2.388 
2.579 
 
 
 
 
- 
0.774 
1.432 
1.549 
1.658 
2.090 
2.222 
2.323 
2.392 
2.581 
S2-F-S1-C 
0.685 
0.837 
1.302 
1.420 
1.817 
1.895 
2.134 
2.240 
2.381 
2.441 
- 
0.684 
0.839 
1.298 
1.417 
1.821 
1.896 
2.130 
2.242 
2.384 
2.445 
3. Coupling of spectral elements 
Structures consisting of two-dimensional elements like plates and one-dimensional 
elements like beams and columns are widely used in civil engineering practice (for 
example, column supported reinforced floor slabs), aerospace industry (beam reinforced 
panels), etc. In order to solve the vibration problems of these types of structures using 
the SEM, the method for coupling different types of spectral elements has to be 
developed. In this section the dynamic stiffness matrix for plate element with edge 
beams is developed. In this section the dynamic stiffness matrix for plate element with  
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Figure 17.  Rectangular plate with edge beams 
edge beams will be developed. In addition, the method for obtaining the dynamic 
stiffness matrix for structural system consisting of plates supported by columns is 
presented. The accuracy and efficiency of the method is demonstrated on several 
numerical examples. 
3.1 Dynamic stiffness matrix for plate element with edge beams 
Rectangular plate with reinforcing edge beams symmetrically distributed along plate 
edges is presented in Figure 17. Only one quarter of the plate will be analyzed, as 
explained in the previous section. It is assumed that beams are ideally attached to the 
plate, which means that the displacements and rotations of the beams and the edge of 
the plate are equal at all points along the beam, i.e. 
 
       
       
       
       
, ,
, ,
, ,
, ,
P B P B
P B P B
P B P B
P P
B B
y x
u a y u y u x b u x
v a y v y v x b v x
w a y w y w x b w x
w a y w x b
y x
x y
   
   
   
       
, (190)
where  By y  and  Bx x  are beam torsional rotations. The superscripts P and B in the 
above equations refer to the plate and beam displacements and rotations, respectively.  
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Figure 18. Plate and beam forces  
 
Figure 19. Resultant forces acting on the plate boundary 
 Consequently, the moments and forces at the boundaries of the plate are equal to those 
in the beams. Plate and beam forces are given in Figure 18. Resultant forces acting on 
the plate boundary are described in Figure 19, from which new boundary conditions are 
defined, (Campos and Arruda 2008): 
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where 1 1B xE I , 1 1B zE I , 2 2B yE I and 2 2B zE I are the flexural beam stiffness, 1 1B tG I  and 
2 2B tG I are the torsional beam stiffness, 1 1BE A  and 2 2BE A  are the axial beam stiffness, 
1A , 2A , 1tI  and 2tI  are the mass and polar mass moment of inertia per unit length, 
respectively and  is Dirac delta function. 
Using the modified boundary conditions defined by Eq. (191)-(198), the dynamic 
stiffness matrix of plate element with edge beams for transverse and in-plane vibration  
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Figure 20. Column supported plate: a) Geometry, b) Resultant forces 
is obtained. The matrices D  relating the vector of the displacement projections q and 
the vector of integration coefficients C  remain unchanged, while the matrices F  are 
modified according to Eq. (191)-(198). 
3.2. Column supported plate element 
In order to apply the SEM in the analysis of structures consisting of floor slabs and 
columns, the method for coupling columns and plates has to be developed. The 
assembly consisting of two plates supported by columns at the plate edges is given in 
Figure 20a). Resultant forces in the column acting on the plate edges are presented in 
Figure 20b). It is assumed that torsional effects of the column can be neglected and that 
plate and column displacements and rotations at the junction point (xo, yo) are equal. 
Consequently, according to Eq. (33), forces acting on the plate boundary can be written 
as: 
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(202) 
where cijk  are the corresponding elements of the dynamic stiffness matrix of the column 
member defined in Section 2.2.4, while  ,o ou x y ,  ,o ov x y ,  ,o ow x y ,  ,o ox y
w
x
    and 
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 ,o ox y
w
y
    are the displacements and rotations of the plate at the junction point  ,o ox y
.  Superscripts 1p  and 2p  refer to the plate 1 and plate 2, respectively. Now, the 
equilibrium equations along the boundary of plate 1 are given as: 
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. (203)
Forces iF , i = 1, …, 6 and moments iM , i = 1,…,4 have to be projected onto a set of 
corresponding projection functions: 
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Now, the projections of the forces iF  and moments iM  are: 
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where  
 
for edges1and3 for edges1and3
,
2 for edges 2and 4 for edges 2and 4
2b y
L s
a x
     . (206)
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The displacements and rotations  ,o ou x y ,  ,o ov x y ,  ,o ow x y ,  ,o ox y
w
x
    and 
 ,o ox y
w
y
    are obtained from Eq. (91) and (165), setting x = xo and y = yo. Substituting 
these expressions into Eq. (205) and using Eq. (199)-(202), the relations between the 
force and displacement projections of the plate spectral element are obtained. For 
example, the relations for forces 1F , 2F  and moment 3M are given by the following 
expressions: 
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where 
n
j pi
Su , n
j pi
Au  , …, 
n
j pi
S
w
y
    , n
j pi
A
w
y
     , i = 1, 2 are the corresponding components 
of the projection vectors tq  and iq  for transverse and in-plane vibration, respectively 
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defined by Eq. (92) and (166). Similar expressions can be developed for the other 
components of the column force vector and the following relation is obtained: 
 c cDQ K q  , (210)
 1 1 1 1... ,m m m m
t
T S A S A
i
F F M M
         
c qQ q
q
     

, (211)
where cDK  is the modified dynamic stiffness matrix of the column member,  
cQ is the 
modified force vector of the column and q  is the displacement vector of plate element. 
Setting the equilibrium equations for each edge of the plate assemblies (Figure 20b), the 
dynamic stiffness matrix cDK  is superimposed to the global dynamic stiffness matrix of 
the plate spectral element pDK , which comprises the transverse and in-plane vibration: 
  
0
0
t
i
       
Dp c c
D D D D
D
K
K K K K
K
. (212)
3.3 Numerical examples 
Validation of the spectral element coupling presented in the previous section will be 
carried out on several numerical examples. The results will be compared with the results 
obtained using the FEM software SAP2000. 
3.3.1. Transverse free vibrations of completely free square plate with edge 
beams 
Consider a square plate with a span-to-thickness ratio of 20, with edge beams of 
rectangular cross section with a depth-to-width ratio of 5/3. The beam’s width equals 
the plate thickness. Both plate and beams are made of the same isotropic material whose 
Poisson’s ratio is 0.15. The first eight natural frequencies have been computed using the 
SEM for different number of terms – M in the general solution. The results are 
compared with the results obtained using the FEM software SAP2000 for several mesh 
sizes.  Dimensionless frequencies 2 2 ha
D
   are given in Table 9. The first four 
mode shapes have been presented in Figure 21. It can be seen that the SEM results 
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rapidly converge. Also, the agreement between the SEM and FEM results is quite 
satisfactory.  
Table 9. Dimensionless frequencies 2 of square plate with edge beams for transverse 
vibration 
Mode No. SEM 
SAP2000 
Mesh size 
M=3 M=5 M=10 10x10 20x20 40x40 
1 3.1 3.0 3.0 2.9 2.9 2.9 
2 4.8 4.8 4.8 4.7 4.7 4.7 
3 5.3 5.3 5.3 5.2 5.3 5.3 
4* 8.4 8.4 8.4 8.0 8.2 8.2 
5* 14.0 14.0 14.0 13.7 14.0 14.0 
6 15.1 15.1 15.0 14.1 14.5 14.6 
7 17.9 17.8 17.7 17.2 17.6 17.6 
8 18.5 18.6 18.5 17.9 18.4 18.4 
 * Double frequency due to symmetry 
   
   
Figure 21. First four transverse mode shapes of completely free square plate with edge 
beams 
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3.2.2. In-plane free vibrations of completely free square plate with edge beams 
The dimensionless frequencies 2
1
ha
D
   of square plate having the same 
geometrical and material properties as in the previous example are given in Table 10.  
The first four mode shapes have been presented in Figure 22. Again, an excellent 
agreement is obtained between the SEM and FEM results. 
Table 10.  Dimensionless frequencies 2 of square plate with edge beams for in-plane 
vibration 
Mode No. SEM 
SAP2000 
Mesh size 
M=3 M=5 M=10 10x10 20x20 40x40 
1 1.09 1.09 1.09 1.09 1.09 1.09 
2* 1.17 1.17 1.17 1.15 1.16 1.16 
3 1.25 1.25 1.25 1.23 1.24 1.24 
4 1.44 1.43 1.43 1.39 1.41 1.42 
5 1.45 1.45 1.45 1.44 1.45 1.45 
6* 1.74 1.74 1.73 1.70 1.72 1.73 
7 2.10 2.08 2.07 1.96 2.02 2.04 
8 2.28 2.28 2.28 2.23 2.27 2.28 
9* 2.37 2.36 2.36 2.26 2.32 2.34 
10 2.41 2.39 2.39 2.34 2.37 2.38 
   * Double frequency due to symmetry 
3.3.3 Free vibrations of column supported square plate 
A square plate having the same properties as in the previous examples is supported at its 
corners by columns of rectangular cross section with width-to-depth ratio of 1. Column 
width-to-plate thickness ratio equals 2. The plate and the columns are made of the same 
isotropic material (E = 30GPa, ν = 0.15, ρ = 2.5 t/m3). The first ten natural frequencies 
are calculated using the SEM and FEM software SAP2000. The results are given in 
Table 11, and first three mode shapes are presented in Figure 23. In this case, more 
terms in the general solution – M are required in order to obtain accurate natural 
frequencies. 
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Figure 22. First four in-plane mode shapes of completely free plate with edge beams 
Table 11. Natural frequencies (in Hz) of column supported square plate 
Mode No. SEM 
SAP2000 
Mesh size 
M=5 M=10 M=15 10x10 20x20 40x40 
1 9.4* 9.1* 8.9* 9.0* 8.8* 8.7* 
2 16.2 13.7 13.1 13.3 13.2 13.0 
3 25.4 24.1 23.6 24.4 23.6 23.0 
4 51.7* 49.9* 49.1* 51.7* 50.9* 50.1* 
5 65.2 64.3 63.8 64.1 64.4 64.0 
6 81.9 80.8 80.2 83.6 83.1 82.35 
7 83.9* 83.0* 82.5* 84.4* 83.3* 82.4* 
8 87.1 85.5 84.8 84.7 83.5 82.8 
9 87.9 85.9 85.1 84.9 84.0 83.5 
10 90.4* 89.1* 88.5* 88.2* 87.5* 86.9* 
           * Double frequency due to symmetry 
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Figure 23.  Mode shapes of column supported square plate 
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3.3.4 Transverse vibration of corner-supported square plate with edge beams 
Dimensionless natural frequencies of square plate with edge beams with point supports 
in the plate corners are given in Table 12, exploiting the SEM and FEM (SAP2000 
1996). In the SEM point supports in the plate corners have been modeled as columns 
having very large axial stiffness, very small bending stiffness about two principal axes 
and no mass. The first columns of Table 12 for the SEM and FEM correspond to the 
case when lateral, rotational and inertial effects of the edge beams have been taken into 
account, while the second columns correspond to the situation when inertial effects of 
edge beams have been neglected. It can be concluded that inertia effects of edge beams 
are very small in the first mode vibration, and become more significant in higher modes 
of vibration.  
Verification of the proposed spectral element coupling has been demonstrated in Figure 
24. Dimensionless frequency 2   of the first antisymmetric vibration mode has been 
plotted against the beam lateral stiffness-to-plate stiffness ratio (Figure 24a) and against 
both the lateral and rotational beam stiffness (Figure 24b). Inertia effects of the beam 
have been neglected. In both cases the lower frequency limit is 9.97, which is the 
dimensionless frequency of the point corner-supported plate. The upper frequency limit 
is equal 19.70 and 27.05 for the case when rotational beam stiffness is neglected and 
when it is equal to the lateral beam stiffness, respectively. These limit values correspond 
to the dimensionless frequencies of the simply supported and clamped square plate, 
respectively.  
Table 12. Dimensionless frequencies 2 of corner-supported square plate with edge 
beams 
Mode No. SEM (M = 15) SAP2000 ρbeam ≠ 0 ρbeam = 0 ρbeam ≠ 0 ρbeam = 0 
1 2.2 2.3 2.2 2.3 
2 4.6* 5.4* 4.4* 5.3* 
3 4.8 6.5 4.8 6.5 
4 10.7 13.1 10.4 12.8 
5 12.2 13.4 11.9 13.1 
6 13.1* 16.9* 13.1* 16.8* 
7 17.7 23.6 17.8 23.2 
8 20.1* 25.5* 19.7* 25.5* 
   * Double frequency due to symmetry 
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Figure 24. Firs antisymmetric dimensionless frequency vs. beam stiffness-to-plate 
stiffness ratio: a) GbIt = 0, b) GbIt = EbIb 
4.  Soil-structure interaction 
In this section the coupling between the structure and the soil will be shown. It is 
assumed that the structure is founded on rigid surface foundations resting on 
homogeneous, isotropic and elastic horizontally layered half-space. The dynamic 
stiffness matrix of the soil will be calculated using the ITM.  
4.1 Soil modeling 
4.1.1 Equations of motion 
The equations of motion of the infinitesimal volume of soil continuum, neglecting the 
body forces are given by: 
 ,ij j iu   , (i =x, y, z) (213)
where ij are the components of the stress tensor, iu  are the components of the 
displacement vector  u, and   is the soil density. Using the constitutive relations for 
linear elastic isotropic material and kinematic relations, respectively: 
 2 ,ij ij kk ij       (214)
  , ,12ij i j j iu u   , (215)
where ij  are the components of the deformation tensor, ij is the Kronecker delta  and  
λ and μ are Lame constants, Eq. (213) become: 
 , ,( ) k ki i kk iu u u     . (216)
a) b) 
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Eq. (216) consists of three coupled differential equations with second-order derivatives 
in both space and time, which can be decoupled using Helmholtz’s decomposition: 
 , ,i i ijk k ju      , (217)
where  , , ,x y z t   and TT x y z     Ψ are the potential functions. Since 
three displacement components are represented by four potential functions, additional 
condition which uniquely determines i  has to be satisfied: 
 , 0i i  . (218)
Substituting Eq. (217) into Eq. (216) gives two uncoupled differential equations: 
 
2
2
1 0
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2
2
1 0i i
sc
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where 
2 2 2
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2 2 2x y z
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2 ,p sc c
      , (221)
are the longitudinal and shear wave velocity, respectively. Introducing spectral 
representation of potential functions: 
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, (222)
a threefold Fourier transformation xx k ,  yy k , t   of Eq. (219) and (220) 
gives the following equations: 
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2 2 2
2
2
2 2 2
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, (223)
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where  p
p
k
c
  and s
s
k
c
  are the wave numbers.  Solutions of the above equations 
are given by: 
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1 2
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, (224) 
where C1, C2, D1i and D2i are integration constants (i = x, y, z) and  
 
2 2 2 2
1
2 2 2 2
2
x y p
x y s
k k k
k k k
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Substituting Eq. (224) into Eq. (217) and using additional condition (218) gives 
 
1 1 2 2 2 2
1 1 2 2 2 2
1 1 2
2 2
2 2
2 2 2 2
2 2
2 2
2 2 2 2
1 1
ˆ
ˆ
ˆ
x y x y y yz z z z z z
x x
x y x yz z z z z zx x
y y
z z z
y
k k k k k k
ik e ik e e e e e
u k k k kk k
v ik e ik e e e e e
w
e e ik e i
     
     
  
                                                 
  2 2 2
1
2
1
2
1
2
x
x
yz z z
y x x
y
C
C
D
D
D
k e ik e ik e
D
  
                        .
 (226) 
4.1.2 Dynamic stiffness matrix of a single soil layer 
A horizontal soil layer of thickness h with stress and displacement vectors at the 
boundaries is given in Figure 25a. The relation between the displacement vector  
 1 1 1 2 2 2ˆ ˆ ˆ ˆ ˆ ˆ ˆTe u v w u v wq  and the force vector 1 2 3 4 5 6ˆ ˆ ˆ ˆ ˆ ˆ ˆTe P P P P P P   P  
is given through the dynamic stiffness matrix ˆ eDK : 
 ˆ ˆ ˆee e DP K q . (227) 
The dynamic stiffness matrix of soil layer is obtained similarly as dynamic stiffness 
matrices of beam spectral element: 
 1ˆ ˆ ˆe DK D F , (228) 
where Dˆ  is matrix which relates the displacement vector ˆ eq  and vector of integration 
constants C, while Fˆ  is matrix which relates the stress vector ˆeP  and vector C. 
Applying the boundary conditions: 
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Figure 25. Displacements and stresses at the boundaries of: a) layer element, b) half-
space element 
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 (229) 
matrix Dˆ  is obtained directly from Eq. (226): 
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. (230) 
The elements of matrix Fˆ  are obtained using kinematic and constitutive relations (215) 
and (216) and setting: 
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in the following form: 
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(232)
where 11
he e , 12 he e , 23 he e , 24 he e .  
The dynamic stiffness matrix ˆ eDK  is obtained from the exact solutions of the equations 
of motion in the transformed wave number-frequency domain. As the wave propagation 
is treated exactly, there is no need to divide homogeneous layers into multiple layer 
elements in order to obtain appropriate solution. 
For a half-space element presented in Figure 25b only outgoing waves exist, so the 
solutions of Eq. (223) become: 
 
1
2
2
2
ˆ
ˆ
z
z
i i
C e
D e


 
 
. (233) 
The displacement vector in this case is  1 1 1ˆ ˆ ˆ ˆTe u v wq and the corresponding force 
vector 1 2 3ˆ ˆ ˆ ˆ
T
e P P P   P . Matrices Dˆ  and Fˆ  are given by: 
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ik ik
               
D , (234) 
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F . (235) 
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4.1.3 Dynamic stiffness matrix for layered soil 
A horizontally layered soil consisting of N layers resting over the bedrock or half-pace 
is presented in Figure 26. The relation between the vectors Pˆ  and qˆ  which collect the 
stresses and displacements at all interfaces between elements is given as: 
 
11 12
21 22 11 12
21 22 11 12
21 22 11
1 1
1 1 2 2
3 2 3 3
3 3 4
ˆ ˆ
ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ
ˆ ˆ ˆ
D D
D D D D
D D D D
D D D
             
D
K K
K K K K
K K K KP K q q
K K K 
 
, (236) 
where ˆ
ij
e
DK corresponds to the sub-matrix of the matrix ˆ
e
DK of element e that relates the 
displacements at the interface i to the stresses at the interface j (i, j = 1,2). The number 
of soil layers is influenced only by the horizontal stratification of the soil region. 
 
Figure 26. Horizontally layered soil over: a) bedrock, b) half-space 
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4.2 Equations of motion of soil-structure system 
 
Figure 27. Soil-structure system 
Soil-structure model consists of two sub-structures, the structure and the soil, described 
in Figure 27. Nodes at the soil-structure interface are defined as interaction nodes (i), 
while remaining nodes of the structure are defined as structural nodes (s). Partitioning 
the dynamic stiffness matrix of the structure correspondingly, the equations of motion 
can be written as: 
 
s s
sss si s
ss s
i iis ii
              
PK K u
u PK K
. (237)
At the interaction nodes the sum of forces stemming from the soil and from the structure 
must be zero: 
   
 
0
0
s F
i i
F F
i ii i i
s s F
is s ii i ii i i
 
 
   
P P
P K u u
K u K u K u u
, (238)
where  iu  is the free-field motion at the interface (the known wave field without the 
structure), FiiK  is the dynamic stiffness matrix of the soil – foundation interface, 
s
iP and 
F
iP are the force vectors acting in the structural and interaction nodes, respectively. 
From Eq. (237) and (238) the following system of equations of the soil-structure system 
is obtained: 
Dynamic analysis of soil-structure system using spectral element method 
 
84 
 
 
s s
sss si s
Fs s F
i ii iis ii ii
                
PK K u
u K uK K K
. (239)
 
4.3 Dynamic stiffness matrix for flexible foundations 
The dynamic stiffness matrix FiiK  of the soil – foundation interface is obtained inverting 
the corresponding flexibility matrix FiiF . Determination of the flexibility matrix
F
iiF
corresponds to the calculation of the displacements of the horizontally layered soil 
subjected to unit harmonic point force at the interaction nodes. The elements of the 
flexibility matrix are calculated using the ITM. If n is a number of interaction nodes, the 
size of the flexibility matrix is 3n×3n.  
4.4 Dynamic stiffness matrix for rigid foundations 
 
Figure 28. Rigid surface foundation – degrees of freedom 
Rectangular massless rigid foundation resting on the soil surface excited by harmonic 
force is presented in Figure 28. Motion of the rigid basement can be described by the 
displacement vector ˆ ou  at the center of the base interface (point O). For 3D problems, 
the displacement vector ˆ ou  consists of three translations and three rotations. The 
corresponding force vector acting at the point O is ˆoP . Since dynamic properties of the 
Dynamic analysis of soil-structure system using spectral element method 
 
85 
 
foundation depend on the frequency of excitation, force-displacement relation is given 
in the frequency domain through dynamic stiffness matrix of the foundation: 
 ˆ ˆO O OP K u , (240)
where: 
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                                            
O O OP u K . (241)
For surface foundations, coupling terms  , yxk   and , yxk   can be neglected, (Schmid and 
Tosecky 2003). 
The dynamic stiffness matrix of the rigid, massless, rectangular foundation is obtained 
from dynamic stiffness matrix of the corresponding flexible foundation using kinematic 
transformation, (Schmid and Tosecky 2003). The relation between the displacement 
vector ˆ iu  at the interaction nodes of the flexible foundation and the displacement vector 
ˆ ou of the rigid foundation is given as: 
 
1
ˆ ˆ , i
n
          
i O
a
au au a
a


, (242)
where a is kinematic matrix, which consists of n sub-matrices ia , i = 1, 2, …, n. Each 
sub-matrix ia  is obtained from kinematic consideration, regarding the interaction node i 
and the centroid of foundation O (Figure 29) as: 
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0 0 1 0
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i i
i i
y
x
y x
      
a . (243)
Equating the deformation energy for flexible and rigid foundation, the dynamic stiffness 
matrix of rigid foundation is given as: 
 T FiiOK a K a , (244)
where FiiK  is the dynamic stiffness matrix of flexible foundation. 
 
Figure 29. Interaction surface between the foundation and soil 
4.5 Soil – structure coupling 
Equations of motion in the frequency domain of the soil-structure system are given by 
Eq. (239). For structure consisting of one-dimensional spectral elements – beams and 
columns founded on surface rigid foundations (Figure 30) the dynamic stiffness matrix 
of the soil-foundation interface OK  can be considered as a hyper – element matrix 
which can be directly superimposed to the structural dynamic stiffness matrix. The 
elements of the foundation dynamic stiffness matrix OK  are symbolically represented 
by springs in Figure 30. They are complex, where the real part represents the soil 
stiffness and imaginary part represents the soil damping. 
If the structure consists of both one-dimensional and two dimensional spectral elements, 
like column supported plate (Figure 31), the dynamic stiffness matrix of the soil – 
foundation interface is assembled with the dynamic stiffness matrix of the structure 
using the dynamic condensation of the column – soil springs system.  The condensed 
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dynamic stiffness matrix of the column – soil springs system can be assembled with the 
dynamic stiffness matrices of plates as it was described in the previous section. The 
dynamic condensation is achieved using the slave and master nodes, labeled in Figure 
31.  Interaction nodes on the soil – foundation interface are assigned as slave nodes - si 
(i = 1, 2,…, Ni), while the structural nodes mi (i = 1, 2, …, Ns) at the plate – column 
interface are assigned as master nodes. 
 
Figure 30. Numerical soil - structure model 
The equations of motion of the column – soil springs system are given by: 
 mm ms m m
sm ss s s
               
K K u P
K K u P
. (245)
Eliminating the displacement vector at the slave nodes -  su  from the above equation 
the relation between the forces and displacements at the master nodes are obtained as: 
 
 1 1mm ms ss sm m m ms ss s
c m c
   

K K K K u P K K P
K u P
, (246)
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where 1c mm ms ss sm
 K K K K K  is the condensed dynamic stiffness matrix of the 
column – soil springs system and 1c m ms ss s
 P P K K P  is the condensed force vector. 
Now, the matrix cK  can be superimposed to the plate dynamic stiffness matrix DK  as 
described in the section 3.2. 
 
Figure 31. Numerical soil – structure model, consisting of one-dimensional and two-
dimensional spectral elements 
When the structure is subjected to traffic-induced vibrations or seismic loads, the vector 
of structural nodes sP  defined in Eq. (239) will be zero, while the vector of the 
interaction nodes is 'Fi i oP K u , where consequently, the condensed force vector cP is: 
 1 Fc ms ss i
   oP K K K u . (247)
5. Applications 
Using the numerical model developed in the previous section the dynamic response 
analysis of 3D frame structures subjected to traffic-induced ground excitation has been 
carried out. Three frame structures of different height and number of stories are given in 
Figure 32, while the geometrical properties of structural members are presented in Table 
13. The frames are founded on rigid and massless square footings with a length of 1 m. 
Dynamic analysis of soil-structure system using spectral element method 
 
89 
 
The footings rest on elastic homogeneous half space. Material properties of the half 
space are: 
 Mass density: 1900 kg/m3, 
 Poisson’s ratio: 0.3, 
 Shear wave velocity: varies from 200 m/s (soft soil) to 1000 m/s (stiff soil). 
 
Figure 32. Layout and geometry of frame structures 
Table 13. Geometrical properties of investigated frames 
 
 
 
 
 
 
 
 
 
Frame Columns Beams Floor slabs 
One  
storey 30x30 cm 
15x25 cm 
15 cm 
Two 
storey 30x30 cm (1-2 floor) 15 cm 
Four 
storey 
50x50 cm (1st floor) 
40x40 cm (2nd floor) 
30x30 cm (3-4 floor) 
15 cm 
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5.1 Effects of soil stiffness and foundation size on natural frequencies 
Natural frequencies of investigated frames have been calculated for different soil 
stiffness: vs = 200, 400, 1000 m/s and presented in Figure 33 -Figure 35. As expected, 
the natural frequencies increase as the soil stiffness increases. In addition, natural 
frequency bias from the fixed base values decrease as the number of stories increase. 
The results also indicate that natural frequencies of the vertical vibration modes are 
more affected by the change of soil stiffness, since structure/soil stiffness ratio in the 
vertical direction is larger than the corresponding structure/soil stiffness ratio in the 
horizontal direction.  
In order to increase the horizontal stiffness of the one storey frame, 50/50 cm columns 
were adopted. The corresponding natural frequencies of the short stiff structure have 
been presented in Figure 36. In this case the natural frequencies of the soil-structure 
system are significantly affected by the soil stiffness. Consequently, taking into account 
soil-structure interaction can have a very significant effect on the dynamic response of 
stiff structures founded on soft soils.  
 
Figure 33. Natural frequencies of one storey frame 
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Figure 34. Natural frequencies of the two storey frame 
 
Figure 35. Natural frequencies of four storey frame 
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Figure 36. Natural frequencies of one storey frame (columns 50/50 cm) 
Effects of the foundation size – B (B is half width of the square foundation) on natural 
frequencies of one storey frame have been presented in Figure 37. Natural frequencies 
increase as the foundation size increases. Also, the effect of the foundation size 
becomes insignificant as the soil stiffness increases. 
5.2 Effects of soil stiffness on structural response 
3D frame structures presented in Figure 32 have been subjected to traffic-induced 
ground vibrations measured in Belgrade in 2006, along the future metro line, 
(Petronijevic and Nefovska-Danilovic 2006). Some of the results have been presented 
and discussed. 
5.2.1 Input ground excitation 
The ground velocities were measured simultaneously in three orthogonal directions, 
relative to the road surface: vertical direction - W, horizontal direction parallel to the 
road - U and horizontal direction perpendicular to the road – V. The measurements 
showed that the highest vibration levels were generated by a tram and a heavy truck 
crossing 3 cm thick rubber speed bump in the King Alexander’s Boulevard.  Therefore, 
the ground vibrations induced by these two vibration sources were used as input ground 
motion in vibration simulation of the frame structures.  
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Figure 37. Effects of foundation size on first three natural frequencies of one storey 
frame 
Velocity time histories and power spectra for horizontal and vertical ground vibrations 
at the measurement point located approximately 11 m from the road/track on the ground 
surface are presented in Figure 38 -Figure 43. In the case of tram traffic, the 
predominant frequency range was between 18 and 22 Hz for horizontal vibrations and 
between 18 and 27 Hz for vertical vibrations. For vibrations induced by the heavy truck 
crossing rubber speed bump the predominant frequency range was between 3 and 27 Hz 
for horizontal vibrations and between 2 and 6 Hz for vertical vibrations. Higher 
vibration levels were obtained for vertical vibrations. Time histories of ground 
displacements and corresponding power spectra, obtained from integrating ground 
velocities are presented in Figure 44 -Figure 49. These ground displacement time 
histories were used as inputs to excite the frame structures. The corresponding 
predominant frequency range for tram traffic was between 19 and 23 Hz for horizontal 
vibrations and between 13 and 27 Hz for vertical vibrations, whereas for road traffic 
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induced by the heavy truck crossing a rubber speed bump, the predominant frequency 
range was between 2 and 5 Hz for both horizontal and vertical vibrations. 
 
Figure 38. Time history and Power spectrum of vertical ground velocity from a tram 
(v=20 km/h) 
 
Figure 39. Time history and Power spectrum of horizontal ground velocity – U from a 
tram (v=20 km/h) 
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Figure 40. Time history and Power spectrum of horizontal ground velocity – V from a 
tram (v=20 km/h) 
 
 
Figure 41. Time history and Power spectrum of vertical ground velocity from a truck 
(crossing rubber speed bump, v=50 km/h) 
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Figure 42. Time history and Power spectrum of horizontal ground velocity – U from a 
truck (crossing rubber speed bump, v=50 km/h, distance to road 11 m) 
 
Figure 43. Time history and Power spectrum of horizontal ground velocity – V from a 
truck (crossing rubber speed bump, v=50 km/h) 
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Figure 44. Time history and Power spectrum of vertical ground displacement from a 
tram (v=20 km/h) 
 
Figure 45. Time history and Power spectrum of horizontal ground displacement - U 
from a tram (v=20 km/h) 
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Figure 46. Time history and Power spectrum of horizontal ground displacement - V 
from a tram (v=20 km/h) 
 
 
Figure 47. Time history and Power spectrum of vertical ground displacement from a 
truck (crossing rubber speed bump, v=50 km/h) 
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Figure 48. Time history and Power spectrum of horizontal – U ground displacement 
from a truck (crossing rubber speed bump, v=50 km/h) 
 
Figure 49. Time history and Power spectrum of horizontal ground displacement – V 
from a truck (crossing rubber speed bump) 
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5.2.2 Dynamic response to traffic-induced ground vibration 
The dynamic responses of the investigated frames subjected to the measured ground 
vibrations have been calculated for the fixed base model, and for the model which 
accounted for the SSI assuming that the frame structures were founded on soft soil (vs = 
200 m/s) and stiff soil (vs = 1000 m/s).  
Displacement envelopes are presented in Figure 50 - Figure 58, whereas the 
displacement response spectra in the midpoint of the top floor slab are given in Figure 
59 -Figure 66.  Peak structural and foundation displacement response values as well as 
the amplification factors (a.f.) are summarized in Table 14 -Table 15. Time history of 
the foundation and structural displacements at the top node of the column and mid - 
point of the plate of the one-storey frame are presented in Figure 67 -Figure 70. 
In almost all cases an increase in soil stiffness resulted in a decrease in the foundation 
displacements. Unlike the foundation response, the maximum structural displacements 
were increased with increasing the soil stiffness, Figure 59 -Figure 64. From Figure 59 -
Figure 66 it can be concluded that the dynamic responses of the frames were influenced 
by lower vibration modes. 
 
Figure 50. Vertical displacement envelopes of one-storey frame 
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Figure 51. Horizontal displacement – U envelopes of one-storey frame 
 
Figure 52. Horizontal displacement – V envelopes of one-storey frame 
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Figure 53. Vertical displacement envelopes of two-storey frame 
 
Figure 54. Horizontal displacement – U envelopes of two-storey frame 
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Figure 55. Horizontal displacement – V envelopes of two-storey frame 
 
Figure 56. Vertical displacement envelopes of four-storey frame 
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Figure 57. Horizontal displacement – U envelopes of four-storey frame 
 
Figure 58. Horizontal displacement – V envelopes of four-storey frame 
Tram traffic induced larger a.f. of vertical vibrations than truck traffic for all 
investigated frames for both soft and stiff soil, since the fundamental natural frequencies 
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of investigated frames were close to the predominant frequency range for tram traffic 
(13-27 Hz). Additionally, vertical vibrations for both tram and truck traffic were 
amplified as the number of stories increased.  As waves propagate from the foundation 
through the column, vertical displacements have been reduced and then amplified from 
the top point of the column to the plate mid – point, Figure 67-Figure 68.  
Very large amplification factors of horizontal vibrations induced by tram traffic were 
obtained for the short stiff frame structure founded on stiff soil, as the fundamental 
natural frequency of the horizontal mode of vibration (19 Hz) was very close to the 
predominant frequency of horizontal vibration induced by tram traffic (19.3 Hz), Table 
14. In addition, two - storey frame had the largest amplification factors for tram traffic, 
since its vibration was influenced by the second horizontal mode (approx. 16 Hz), 
which fall into the predominant frequency range for tram traffic. In case of truck traffic, 
four - storey frame exhibited the largest amplification factors for horizontal vibrations. 
Time history of horizontal displacement of the foundation, column top point and plate 
mid – point for one – storey frame are given in Figure 69 - Figure 70, for tram and truck 
traffic, respectively. In this case horizontal displacements were amplified from the 
foundation to the column top point. Horizontal displacement at the column top point and 
plate mid – point were almost identical, due to the large stiffness of the plate in 
horizontal direction.   
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Figure 59. Top floor displacement response spectra of one storey frame, tram traffic 
 
Figure 60. Top floor displacement response spectra of one storey frame, truck traffic 
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Figure 61. Top floor displacement response spectra of two storey frame, tram traffic 
 
Figure 62. Top floor displacement response spectra of two storey frame, truck traffic 
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Figure 63. Top floor displacement response spectra of four storey frame, tram traffic 
 
Figure 64. Top floor displacement response spectra of four storey frame, truck traffic 
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Figure 65. Top floor displacement response spectra of short stiff frame, tram traffic 
 
Figure 66. Top floor displacement response spectra of short stiff frame, truck traffic 
 
Dynamic analysis of soil-structure system using spectral element method 
 
110 
 
Table 14. Peak displacement response values of investigated frames induced by tram 
traffic  
Response 
parameter 
One storey frame 
(columns 30/30 
cm) 
One storey frame 
(columns 50/50 
cm) 
Two storey frame Four storey frame 
Soil stiffness Soil stiffness Soil stiffness Soil stiffness 
Soft Stiff Fixed base Soft Stiff 
Fixed 
base Soft Stiff 
Fixed 
base Soft Stiff 
Fixed 
base 
Foundation 
displacement 
(·10-6 m) 
 
Amplification 
factor 
w 5.0 2.8 
/ 
5.6 3.6 
/ 
5.2 2.9 
/ 
8.5 3.2 
/ a.f. 2.0 1.1 2.2 1.4 2.1 1.2 3.4 1.3 
u 1.8 1.8 
/ 
2.5 1.8 
/ 
1.7 1.8 
/ 
2.4 1.9 
/ a.f. 1.0 1.0 1.4 1.0 0.96 1.0 1.3 1.0 
v 1.4 1.4 
/ 
2.2 1.3 
/ 
1.1 1.4 
/ 
2.2 1.4 
/ a.f. 1.0 1.0 1.7 0.9 0.8 1.0 1.6 1.0 
Structural 
displacement 
(·10-6 m) 
 
Amplification 
factor 
w 9.0 9.6 9.6 8.5 8.8 8.9 9.0 11.6 11.6 13.6 17.4 17.2 
a.f. 3.6 3.8 3.8 3.4 3.5 3.5 3.6 4.6 4.6 5.4 6.9 6.8 
u 2.0 5.5 5.4 3.7 29.7 22.4 5.1 8.2 8.1 5.7 7.7 7.6 
a.f. 1.1 3.0 3.0 2.0 16.3 12.3 2.8 4.5 4.5 3.1 4.2 4.2 
v 1.6 2.6 2.4 2.6 15.4 11.7 3.3 3.3 3.2 3.2 4.0 3.6 
a.f. 1.2 1.9 1.8 1.9 11.3 8.6 1.8 1.8 1.7 2.4 3.0 2.7 
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Table 15. Peak displacement response values of investigated frames induced by truck 
traffic 
Response 
parameter 
One storey frame 
(columns 30/30 
cm) 
One storey frame 
(columns 50/50 cm) Two storey frame Four storey frame 
Soil stiffness Soil stiffness Soil stiffness Soil stiffness 
Soft Stiff Fixed base Soft Stiff 
Fixed 
base Soft Stiff 
Fixed 
base Soft Stiff 
Fixed 
base 
Foundation 
displacement 
(·10-6 m) 
 
Amplification 
factor 
w 8.2 5.2 
/ 
9.1 6.1 
/ 
9.0 5.0 
/ 
10.8 6.0 
/ a.f. 1.8 1.1 3.6 2.4 1.8 1.1 2.3 1.3 
u 1.5 1.5 
/ 
1.3 1.4 
/ 
1.4 1.5 
/ 
1.1 1.4 
/ a.f. 1.1 1.1 0.9 1.0 1.0 1.1 0.8 1.0 
v 2.5 2.1 
/ 
3.3 2.1 
/ 
2.1 2.1 
/ 
2.3 2.1 
/ a.f. 1.2 1.0 1.6 1.0 1.0 1.0 1.1 1.0 
Structural 
displacement 
(·10-6 m) 
 
Amplification 
factor 
w 11 12.5 13.1 10.4 11.5 11.4 10.9 14.8 15.4 12.6 16.2 16.0 
a.f. 2.4 2.7 2.8 4.1 4.5 4.5 2.4 3.2 3.3 2.7 3.5 3.4 
u 3.1 2.3 2.3 2.3 3.0 2.9 5.9 6.0 6.0 5.5 6.5 6.8 
a.f. 2.1 1.6 1.6 1.3 2.1 2.0 4.1 4.2 4.2 3.8 4.5 4.7 
v 6.4 6.1 6.4 3.6 6.0 4.6 9.4 10.6 10.6 10.1 8.8 9.0 
a.f. 3.1 2.9 3.1 1.7 2.9 2.2 4.5 5.1 5.1 4.8 4.2 4.3 
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Figure 67. Time history of vertical displacement of one storey frame, tram traffic 
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Figure 68. Time history of vertical displacement of one storey frame, truck traffic 
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Figure 69. Time history of horizontal displacement - U of one storey frame, tram traffic 
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Figure 70. Time history of horizontal displacement - U of one storey frame, truck traffic 
 
In order to assess the human perception to vibrations, the calculated vibration levels 
were compared with the allowable vibration levels according to British Standard BS: 
6472 (1992). Peak particle velocities (PPV) were calculated for different soil stiffness 
and presented in Figure 71 -Figure 73. The calculated horizontal vibrations did not 
exceed the acceptable limits in terms of PPV, according to BS: 6472. The exception was 
the short stiff frame structure, where PPV were 2-4 times larger than the acceptable 
horizontal vibration limit. Unlike the horizontal vibrations, vertical PPV significantly 
exceeded the acceptable vertical vibration limits. Consequently, the vertical vibrations 
could be annoying to building occupants. 
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Figure 71. Peak particle velocities for vertical traffic-induced vibrations 
 
Figure 72. Peak particle velocities for horizontal - U traffic-induced vibrations 
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Figure 73. Peak particle velocities for horizontal – V traffic-induced vibrations 
6. Conclusions and recommendations for further research 
A 3D numerical model has been developed for the dynamic response analysis of soil-
structure system. The key feature of the model is the development of both in-plane and 
transverse dynamic stiffness matrices of plate element with arbitrary boundary 
conditions as well as the coupling one-dimensional and two-dimensional spectral 
elements. In addition, the structural model has been coupled with the soil region, which 
has been modeled using the ITM.  
The dynamic stiffness matrices for two-dimensional plate elements have been 
developed using the Projection method proposed by Kevorkian at al. and Gorman’s 
superposition method. The basic idea was to express the plate displacements as infinite 
series, truncated to a point M. In order to avoid the spatial dependence of the plate 
displacements along the boundary, the projections of the boundary displacements have 
been adopted as the basic unknowns. Consequently, the basic relations between the 
projected displacement vector and the force vector were the same as for the one-
dimensional spectral elements.   
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A method for coupling the one-dimensional and two-dimensional spectral elements has 
been presented. Assuming that there were no relative displacements at the junction 
nodes of the spectral elements and using the equilibrium equations along the plate 
boundary, the dynamic stiffness matrix of the coupled system has been obtained. 
The spectral element model has been coupled with the soil region using the substructure 
approach. It was assumed that the structure was founded on rigid massless footings. The 
dynamic stiffness matrix of the soil-foundation interface was superimposed to the 
structure using the dynamic condensation of the column – soil springs system.  
Based on the theoretical considerations a computer program for the dynamic response 
analysis of 3D frame structures including SSI has been developed using Matlab. The 
efficiency and accuracy of the proposed model has been demonstrated on several 
numerical examples. The application of the proposed numerical model has been 
presented on the example of 3 different types of frame structures surface-founded on 
homogeneous half space of variable stiffness. Using the proposed numerical model soil-
structure systems subjected to ground vibrations induced by traffic, blast or earthquakes 
could be efficiently analyzed. The results indicated that soil-structure interaction could 
alter the dynamic properties of the system as well as the dynamic response, especially 
for short stiff structures. 
The most important advantage of the SEM is its high precision. The results showed that 
for very small number of terms (M = 3 - 5) in the general solution of the displacement 
field of plate element, high degree of accuracy has been achieved. In the case when the 
structure consisted of columns and plates, more terms in the general solution were 
required (M = 10 - 15). The structural discretization, the number of unknowns and the 
calculation time were significantly decreased in comparison with the FEM. In addition, 
the continuous mass distribution, the usage of arbitrarily and even infinitely large 
elements without loss of accuracy and simple assemblage procedure like in the FEM 
makes the SEM a very efficient method for solving various types of dynamic SSI 
problems, especially when high frequency components are of interest.  
On the one hand, future research could be directed toward the further development of 
plate spectral elements using more advanced plate theories like Midlin’s theory. In 
addition, the numerical model could be extended in order to analyze 3D plate 
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assemblies consisting of plates of finite size joined along common edges and fluid-
structure interaction of such systems. This could allow the practical application of the 
model to analyze not only vibrations but also the re-radiated noise generated by traffic. 
On the other hand, more advanced models for calculation of the dynamic stiffness 
matrix of the soil-foundation interface would improve the existing model which is 
capable to account for SSI of rigid surface-founded footings only.  
Appendix 
A.1. Fourier Transformations 
The continuous function f(x,y,z,t) defined in the space – time domain is transformed into 
the wave number - frequency domain as: 
ˆ ( , , , ) ( , , , ) yx ik yik x i tx yf k k z f x y z t e e e dxdydt
     
  
     . 
 The inverse transformation from the wave number – frequency domain to the space – 
time domain is given as: 
 3
1 ˆ( , , , ) ( , , , )
2
yx ik yik x i t
x y x yf x y z t f k k z e e e dk dk d
   
  
     . 
If f(x,y,z,t) is a discrete function, the discrete Fourier transform is defined as: 
1 1 1 2 / 2 / 2 /
0 0 0
ˆ ( , , , ) ( , , , )
m n
M N P i mj M i nk N i pl P
x y p j k l
j k l
f k k z x y t f x y z t e e e
        
  
        , 
while the inverse discrete Fourier transform is defined as: 
1 1 1 2 / 2 / 2 /
0 0 0
1 1 1 ˆ( , , , ) ( , , , )
m n
M N P i mj M i nk N i pl P
j k l x y p
m n p
f x y z t f k k z e e e
X Y T
     
  
      , 
where Δx = X/M, Δy = Y/N, Δt = T/P, M, N, P are the number of segments of the 
function f(x,y,z,t) with respect to x, y and t, respectively. 
A.2. Fourier series 
A Fourier series representation of periodic function f(x) with period L = 2a is defined 
as: 
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If f(x) = δ(x - xo), the Fourier coefficients are given as: 
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за добијање било које дипломе према студијским програмима других 
високошколских установа, 
 да су резултати коректно наведени и  
 да нисам кршио/ла ауторска права и користио интелектуалну својину 
других лица.  
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Прилог 2. 
 
Изјава o истоветности штампане и електронске верзије 
докторског рада 
 
Име и презиме аутора: Марија Нефовска-Даниловић 
Број уписа   __________________________________________________________ 
Студијски програм:  Грађевинарство 
Наслов рада:  ДИНАМИЧКА АНАЛИЗА СИСТЕМА ТЛО-КОНСТРУКЦИЈА 
ПРИМЕНОМ СПЕКТРАЛНИХ ЕЛЕМЕНАТА 
Ментор : проф. Др Мира Петронијевић, дипл. грађ. инж. 
 
Потписани : Марија Нефовска-Даниловић 
 
изјављујем да је штампана верзија мог докторског рада истоветна електронској 
верзији коју сам предао/ла за објављивање на порталу Дигиталног 
репозиторијума Универзитета у Београду.  
Дозвољавам да се објаве моји лични подаци везани за добијање академског звања 
доктора наука, као што су име и презиме, година и место рођења и датум одбране 
рада.  
Ови лични подаци могу се објавити на мрежним страницама дигиталне 
библиотеке, у електронском каталогу и у публикацијама Универзитета у 
Београду. 
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Прилог 3. 
Изјава о коришћењу 
 
Овлашћујем Универзитетску библиотеку „Светозар Марковић“ да у Дигитални 
репозиторијум Универзитета у Београду унесе моју докторску дисертацију под 
насловом: 
ДИНАМИЧКА АНАЛИЗА СИСТЕМА ТЛО-КОНСТРУКЦИЈА ПРИМЕНОМ 
СПЕКТРАЛНИХ ЕЛЕМЕНАТА 
која је моје ауторско дело.  
Дисертацију са свим прилозима предао/ла сам у електронском формату погодном 
за трајно архивирање.  
Моју докторску дисертацију похрањену у Дигитални репозиторијум Универзитета 
у Београду могу да користе  сви који поштују одредбе садржане у одабраном типу 
лиценце Креативне заједнице (Creative Commons) за коју сам се одлучио/ла. 
1. Ауторство 
2. Ауторство - некомерцијално 
3. Ауторство – некомерцијално – без прераде 
4. Ауторство – некомерцијално – делити под истим условима 
5. Ауторство –  без прераде 
6. Ауторство –  делити под истим условима 
(Молимо да заокружите само једну од шест понуђених лиценци, кратак опис 
лиценци дат је на полеђини листа). 
                                                              Потпис докторанда 
У Београду, децембар 2012 .                          
